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Chapter 1

Introduction

This blueprint is generated from the @ [blueprint] annotations in the Lean sources. Edit the Lean
files, then run . /script/generate.sh.



Chapter 2

Setting

The setting of the paper (Section 2): feature maps, the tanh feature of assumption (A3), particle mea-
sures and their realization, hidden marginal, conditional mean amplitude and coefficient measure,
the synthesis and analysis operators, the kernel operator, its resolvent and the regularized ridgelet
transform, the risks, the Gibbs reference measure, the domain and the free energy, and the finite-
width and finite-sample objects.

2.1 Feature maps

Definition 1. Let X and Z be measurable spaces. A feature map is a jointly measurable function
0: ZxX =R, (z,2) = ¢, (x),with |p,(z)] < 1forall z € Zand x € X'. Assumption (A3) of the
paper, ¢, ) (7) = tanh(w'x — b) on Z = R™ x R, is the instance ‘tanhFeature".

Definition 2. Let Z be a metric space. The feature map ¢ is Lipschitz in the hidden parameter if
there is L > 0 such that |, (z) — ¢,/ (z)| < Ld(z,2") forallz € X and 2,2’ € Z. Under (A1) and
(A3) this holds with L = \/R% + 1.

Definition 3. For a feature map ¢ on Z x I’ and a subset A C I, the restriction of ¢ to A is the
feature map Z x A — R, (z,2) @, (x); it is used with A = {|x| < Ry}, which is assumption (A1l).

Definition 4. For a feature map p on Z x X and a measurable map e: Z’ — Z, the reparametrized
featuremapon Z' x Xis (2/, ) > ¢, (2). Itis used to identify the hidden-parameter space R™ x R
of (A3) with the Euclidean space R™ "1,

Definition 5. (A3)Letm > 1,1 = R™ and Z = R™ x R. The hidden parameter is z = (w, b) and
¢.(z) := tanh(w'x — b). Then |p,| < 1and (z,7) — ¢, (x) is continuous, so ¢ is a feature map in
the sense of Definition 1.

Definition 6. (A3) with the Euclidean hidden-parameter space: the tanh feature Sﬁ(w,b)(l") =
tanh(w'x — b) of Definition 5 with z = (w,b) in R™"! = R™ x R carrying the Euclidean norm
|(w, b)| = /|w|? + b2 (the reparametrization, Definition 4, along the identity R™™! — R™ x R).

2.2 Particle measures

Definition7. Forp € P(©),0 = RxZ,with [ |a|dp < cotherealizationis F,(x) := f® ap,(z)p(dadz),
so that |F,(z)| < [ |aldp.



Definition 8. The hidden marginal of p € P(0©) is v,(dz) = j[% p(dadz), the image of p under
(a,2) = 2.

Definition 9. The conditional mean amplitude of p € P(0)is m,(z) := E,[a | 2], defined v,-a.e.
through the disintegration p(dadz) = v,(dz) k(2, da) asm,,(z) = fue ak(z, da).

Definition 10. The coefficient measure of p € P(0) with [ |a|dp < oo is the signed measure
llp(dz) == [ ap(dadz)on Z,ie. Ip(A) = [ a dp;by disintegration Ilp = m,, v,
Definition 11. For particlesd = (6,)}!, € © the empirical particle measureis py := - Zé\il dg, €
P(O).

Theorem 12. If [ |a|dp < o< then, foreveryx € X, 0 — a v, (x) is p-integrable, since |ap,(z)| < |al.
Proof. O

Theorem 13. If [|a|dp < oo then the realization F,(x) = [jap,(x)p(dd) is a well-defined
bounded function with |F,(x)| < [ |a| dp for every x € X.

Proof. O

2.3 Synthesis, analysis, kernel operator and regularized ridgelet
transform

Definition14. Forr € L*(Py)theanalysismapis (S*r)(2) := (¢, 1) 2(p,) = [, ¢-(2)r(2) Px(dz),
a function of z € Z that does not depend on the base measure v. By Lemma ?? it is the adjomt of S,
for every v.

Definition 15. For a base measure v € P(Z) and u: Z — R the synthesis of v is the function

(S,u)(x) = [, u(2)p,(x)v(dz) on X.

Definition16. Forv € P(Z)thesynthesisoperatoris S, : L*(v) — L*(Px), (S,u)(z) := [, u(2)p.(z) v(dz).
It is a well-defined bounded linear operator with [ S, | < 1, since |(S,u)(z)| < [|uldv < [ufz2(,,
pointwise.

Definition17. Theadjoint S%: L?(Py) — L?(v) of the synthesis operator. By Lemma ??, (S:7)(z) =
(@2 T)2(py) = (577)(2) v-ae.

Deﬁnition 18 The kernel operator on L?(Py) is K, := S,S?; its integral kernel is &k, (z,2’) =
Je(2)p.(2") v(d2).

Definition 19. For \ > 0 the resolvent (K, + \) ! is the inverse of the bounded operator K, + A on
L?(Py); by Lemma ?? it exists and | (K, + )~} < 1/). (In Lean it is defined as the inverse when
K, + Aisinvertible and as 0 otherwise.)

Definition 20. For A > 0, € P(Z) and f € L*(Px) the regularized ridgelet transform is R ,, f :=
S* (K, + A foie (R, f)(2) = (¢, (K, +X) " f)12(p, ) a bounded continuous function of » that
liesin L2 (v).



2.4 Risks, Gibbs reference measure and free energy

Definition 21. For f € L*(Py) the population risk of p € P(©)is L(p) := |F, — f“%ﬁ(}?x) =

1 fx(Fp(ac) — f(x))? Px(dz), with residual r,, := F, — f.

Definition 22. Forasample (z;, ;)" theempiricalriskof p € P(©)is Ly (p) == 7 Ei]\il (F,(x;)—
2

Definition 23. Let \, 3 > 0 and v, € P(Z) (in the paper v, (dz) = Z; e V*/P dz). With U(9) =

2a? + V (z) the Gibbs reference measure is p;;(d9) := Z5'e V@8 do = N (0, 8/N)(da) ® v,(dz).

Definition 24. The domain of the free energy is 2 := {p € P(0O) : KL(p|uy) < oo}. Elements of
D are not required to satisfy [V dp < oo.

Definition 25. The free energy on Dis F (p) := L(p)+ 5 KL(p||py;) (the paper’s definition contains
the additional constant —j3log Z;, which is dropped here). By Lemma 183, whenever [ U dp < co
one has 7 (p) = L(p) + [Udp + BEnt(p) — Blog Z;,.

Definition 26. The empirical free energy F ,; is obtained from F by replacing L with L : F y(p) :=
Ly(p) + B KL(p|py)-

Definition 27. For a reference measure ; on ©, a potential W: ©® — R and g > 0 with Z;, :=
JeW/Bdu < oo, the Gibbs measure is fiy, (df) = ZyteW(©)/8 11(d6). (The paper takes y to be
Lebesgue measure on © = R x Z.)

Theorem 28. For v, € P(Z) the Gibbs reference measure p;; = N(0,3/\) ® v, is a probability
measure on ©.

Proof. O

Definition 29. For measurable s: Z — R, A\, 5 > 0, the conditional amplitude kernel is r,(z, da) :=

N(=s(z)/A, B/N)(da).

2.5 Finite width and finite sample

Definition 30. For particles§ = (0,)2,,0, = (ay, z,), the finite-width network (mean-field scaling)
. M
IS FQ(x) = ﬁ Zgzl az‘/’z[ (56)

Definition 31. Forasample (z;,v;)Y,, A > 0Oandapotential V: Z — R, the finite-width objective is
M N
Iy (0) = LN(H)—J—ﬁ >, U(0), where Ly (0) = ﬁ Zizl(Fg(xi)—yi)Q andU(a, z) = %a2+V(z).

Definition 32. The empirical inner product on RY is (u,v) 5y := + 11 u,;v;, with norm |u| y :=
(u, u)llf.

Definition 33. Forr € RY the empirical analysis map is (Syr)(z) :== + Zfil o (z;)r; = (@, TN
(independent of v).

Definition 34. For a finite measure v on Z (in the paper v € P(Z)) the empirical kernel operator
Ky, on (RN, (-, ) x) is (KN,uh)i = fZ @, (2;){p,, h) yv(dz); for vy, = % Ze 5@7 (KN,VMh)i =
ﬁ Z@ ‘pze (xi)<<pze? h>N



Definition 35. For fixed hidden parameters 21, ..., z;, € Z and the sample (x;)¥ ,, the fixed-feature
synthesis operator is Sy : (RM, (-,-) ;) = (RN, (-, )n), (Sy7)i = 37 Zé\il Ve, (x;), with adjoint
(Shm)e = & 22 @, (@i)rs = (Syr) (20)-

Definition 36. For particles § € ©™ and the sample (z;,y,)~, the residual is r; := Fy(z;) — y;,
r=(r;); € RV

Theorem 37. For § € ©M with hidden empirical law v,; = % >, 5, and h € RV, (K. h)i =
M

ﬁ lel Lpzz <m2) <SDZ£’ h>N

Proof. -

Theorem 38. For A > 0 the operator K, + A is injective (hence bijective) on RY, since Ky, is
symmetric positive semidefinite for (-, -) y.

Proof. O

Definition 39. For A > 0, Ky, + A: RY — R" is a linear bijection; (K, -+ A)~' denotes its
inverse.

Definition 40. The vector field of the gradient flow § = —MV.J () is, with r = (F(z;) — y;);»
M
0= (=[(Sxr)(20) + Aag], —[a, V. (S{T)(20) + VV(2))]),_,-

Definition 41. A curve 6: [0, 00) — © is a solution of the gradient flow (2?), 6, = —MV.J 5 (6,),
ifit is differentiable on [0, co) with @, = —[(SxT,)(2,) +Aa] and 2, = —[a,V_ (Sy7.)(z,) +VV (2,)].

Definition 42. For p € P(©) with [ |a|dp < oo (in particular for p € D), the realization F, is a
bounded measurable function, hence an element of L?(Py).

Definition 43. For f € L*(Py) and p with [ |a|dp < oo the residual is r, :== F, — f € L*(Px).
ces . ’ M ’
Definition 44. F ; := (RM, (-, ) 5,) with (v,7")ps := 57 20, VeVe-

Definition45. Theadjointof Sy is Sy : (RN, (-, -)n) = (RM, (-, ) a0)s (Sv7)e = & 20, 05, ()7 =
(Shr)(z)-
Theorem 46. Forally € RM andr € RY, (Syv, )y = (7, S&7) m-

Proof. O

Definition 47. Sy hasfinite rank, so S]TV is the Moore—-Penrose inverse and SITVy = (SySy)TSyy €
(ker Sy)*; in Lean S1y is the unique u € (ker Sy ) with S5 Syu = Si .

Definition 48. The fixed-feature gradient flow with weight decay A > 0 and no noise is ¥, =
7S7V(SNFYt - y) - )\ﬂ}/t’ Yi=0 = Yo (??).

Definition 49. For \ > 0, v, := (B + \) 1S4y, where B = S} Sy.



2.6 Samples, empirical features and the risk with labels

Definition 50. Forasamplez, ...,z € X the empirical feature is the feature map (z,4) — ¢, (z;)
on the index space {1,..., N}, so that ®, = (p,(z;))¥, € RV,

Definition 51. The uniform probability measureon {1, ..., N'}; the empirical inner product is (u, v) y =
N
% Zizl U;V; and ”u”%\/ = <U7 u>N‘

Definition 52. For the law Q of (X,Y) on X x R the risk with labels is L(p) := i

Definition 53. Forasamplew = (z;,y;))Y, € (X'xR)" theempirical riskis L y(p) = 55 >, (F,(z;)—
y;)?, a random functional of the sample.

Definition 54. 7 5 (p) := Ly (p) + 8 KL(p||pyy) (the constant —Slog Z;; of the paper is dropped).

Definition 55. The sample (z;,y;)Y, consists of i.i.d. copies of (X,Y) ~ Q; its law is the product
measure Q®Y on (X x R)V.

Definition 56. f : X' — Ris a regression function of Q, f(x) = E[Y | X = z], if f is measurable and
E[(Y — f(X)) g(X)] = 0 for every bounded measurable g (the tower property).

Theorem 57. The uniform probability on {1, ..., N} gives mass 1/ N to every point.

Proof. 0
Theorem 58. Forg: {1,...,N} — R, [ g d(uniform) = + Zfil J;

Proof. O
Definition 59. The identification of R with L?(uniform): a vector u € RY is the function i - u;.
Theorem 60. Foru,v € RY, (1, ) L2 (uniform) = % 2o, Wils = (U, V) y-

Proof. O
Theorem 61. Foru € RY, |[ul 12 (uniorm) = Ul n-

Proof. O
Theorem 62. If|y,| <Y, . forallithen |y|y < YV

Proof. O
Definition 63. For p € P(©)and the sample (z;, y;)", the empirical residualisry , := F,|,—y =

(F(x;) —y;); € RN.

Definition 64. ¥ (p) := L(p) + B KL(p| ) (the paper’s constant —3log Z;; is dropped); F =
F + const has the same minimizer p* as .



2.7 Rademacher complexity

Definition 65. For a class G = {g; : ¢ € ¢} of functions on = and points &;, ..., &y € E, with i.i.d.
Rademachersigns o, € {+1}, the empirical Rademacher complexityis R  (§) = E, sup, | + 25:1 01.9:(&)]
(absolute convention, FOML'’s ‘empiricalRademacherComplexity‘); the one-sided version [, sup, % > 69 (k)
of the paper is ‘empiricalRademacherOneSided‘. For § = —G the two agree.

Definition 66. The one-sided empirical Rademacher complexity [, sup, +; Zszl 01,9; (&) (without
absolute value), FOML’s ‘empiricalRademacherComplexity_without_abs".

Definition 67. The Rademacher complexity is the expectation of the empirical one over N i.i.d.
points, R (G) := ER N (G) (FoML’s ‘rademacherComplexity®).

Definition 68. The feature class of a feature map ¢ is ® := {¢, : z € Z}, a class of functions on X'
indexed by Z.

Definition 69. For points 1, ...,z € X, Ry(®) := E,sup__,|+ Z;VZI o0, (z},)|- For @ = —®
(as for tanh) this is the one-sided complexity of the paper.

Definition 70.  For the law Q of (X,Y), Ry (®) := ERy(P), the expectation over the inputs
Zq,..., 2y of anii.d. sample of size N from Q.

Definition 71. The product class of the feature map is ¥ := {¢.p,, : 2,2’ € Z}, indexed by Z x Z;
its members are bounded by one.

Definition 72. R, (V) =, sup, Z’EZ|% fo:l 010 (2.) 0. ()], and Ry (V) := ERy (V) over

the inputs of an i.i.d. sample from Q.

Definition 73. R (¥) := ER(¥), the expectation over the inputs z,, ..., 2,y of an i.i.d. sample
of size N from Q.

Definition 74. For B > 0, P := {p € P(0) : [|a| p(dadz) < B} (the integrability of a is part of
the definition).

Definition 75. For a sample w = (z;,9,)~,, G, (w) := sup . (L(p) — Ly(p)).
Definition 76. G_(w) := sup (Ly(p) — Z(p)).

Definition 77. G(w) := sup |Ly(p) — L(p)| = max(G,,G_).

pPEPp

Definition78. Fore: X'xR — R(inthe papere(z,y) = y—f(2)), Gy (w) = sup,_,| & S0 0. (@,)e(z;, y;)—
Elp. (X)e(X,Y)]|.

ope N
Definition 79. HN<w> = Supz,z/eZ|% Zizl @z(xi)cpz’ (xz) - IE[CIOZ('X)SDZ/ (X)”

Definition 80. Foracountable Z, C Z, P} := {3; Zj]\il O(e;qz) M 21, q€Q, ¢; € {£1}, 2, €
Zy} N P g, a countable subclass of P .

Definition 81. For finite measures v, , v, and functions m,, m,, with p := vy +v, andw;, := dy;/dp,
the mixed density is ¢ := w;m; — wyms, so that m v, — myvy = 9 .

Definition 82. B := Y% + 4/ % the bound on | |a|dp for both minimizers (Lemma ??(c)).



)2 log(2/5)

Definition 83. Ay (9) :=4B(B + Ypu) Rn(P) + (B+ Y, N

max

Definition 84. D(0) := 4Cp,B(B + Yy, )vVm + 1 + (B + Yya,0)%4/ 5 log(2/9).

Definition 85. N (c,6) := [(D(8)/(Be))?].

Definition 86. Ay = 2(B + Yyu) Ry (®) + (B + Yay) \/@ _

Definition 87. Ej; := {w: |y;| < Yy Vi, G(w) < 2A(6)}, the event of Lemma 302 (with the
full-measure condition on the labels).

Definition 88. The setting of Section ??: Q € P(X x R) with |Y| < Y., as., f = E[Y | X]
a regression function with |f| < Yj... A, 8 > 0, and p* € D a minimizer of & on 2 (with target
f e L2(Px)).

Definition 89. Foreverysamplew = (z;,v;)Y ,, piy(w) € D isa minimizer of F y on D (Lemma ??
for Ly).

Definition 90. e(z,y) := y — F,.(z) (the paper’s e has the opposite sign; only |e| enters).

Definition 91. Ej := E;;, N {Gy < Aly}, where Gy is the deviation of Lemma 305 for e(z, y) =
y— F,.(r) and Aly is (86).

Definition 92. For a sample w = (z;,y;); and p € P(0), gn , := SN(F,|, —y), i.e. gy ,(2) =
~ 2 (@) (F,(x;) —y;); for p = py this is g of Lemma ??.

Definition 93. For a sample w = (z;,1;);, ¥ € P(Z) and XA > 0, RY ,y := Sy (Ky , + A) "'y, the
regularized ridgelet transform of the empirical feature.

Definition 94. D'(5) := (B + Yy, ) [20pv/m + 1 + /210g(4/5)], so that Ay < D'(5)/v/'N.

Definition 95. ¢(z,y) := F,.(z)—y, afixed (sample-independent) function on X' x Rwith sup [e| <
E, =M, + Yy

Definition 96. h:= F,. — F,., with ||y := ||| and |2] := [k] L2(p,,)-
Definition 97. ((z,y) := 1(F(z) — y)? so that Lip) = Pty and Ly (p) = PNéFp.
Definition 98. For g: ¥ x R — R, Pyg = & Y~ g(x;,y;) and Pg = Eg(X,Y).
Definition 99. (P, — P)g:= Pyg — Pg.

Definition 100. X := KL(p*|py) + KL(py[p*) (the Jeffreys divergence).

Definition 101. D_:= |II¢|(Z), the total variation of the signed measure Il¢ = IIp}, — IIp* on Z.

Definition 102. m" := —g*/A with g* = S*r”, the everywhere-defined continuous version of m .
(Theorem ?2(b)).
Definition103. my := —gy/Awithgy = Sy, the everywhere-defined version of ;. (Lemma ??(a)).

Definition 104. With p := vy + v*, wy = dvy/du, w* := dv*/dp, the density of Il¢ =
myvy —m*v* with respect to 1 is ¢ := wym — w*m*, so that D_ = [ [¢| dpu.



Definition 105. 0}, = 2E, Ry (®) + E,/2log(4/6)/N, the bound of Lemma 305 with §; = §/2;
under Lemma 314, 7y < E,D’(8)/V/N with D’(5) = 2Cp/m + 1 + /210g(4/5).

Definition 106. 17, := 2935 (¥) + /21og(4/4)/N, the bound of Lemma 303 with J, = ¢/2; under
Lemma 315, 5%, < D”(8)/vV/N with D" (8) = 2Cp/m + 1 + /21og(4/9).

Definition 107. ¢, := max{1,1/\, M, /\/B} with M, = Y,,./\.

Definition 108. Foraboundsup_ |m*(z)| < M, on the population coefficient, ¢, (M, ) := max{1,1/X, M, //B};
the constant ¢; of Theorem efthm:m3-double-prime is ¢; (M, ) with M, = Y.,/

Definition 109. Q;:= {Gy <y} N{Hy < 0%} P(£25) > 1 — § by Lemmas 305 and 303.

Theorem 110. The pseudo-dimension of the class ® = {¢, : z € Z} of tanh ridge functions = +—
tanh(w'x — b), (w,b) € R™ x R, is at most m + 1 (Lemma 314(a)); this is Lemma 811 for E = R™.

O

Proof.

Definition 111. For A > 0and ¢ € N, HC(m, A4, ¢) is the statement: for every N, every 1, ..., & €
R™ and every 0 < £ < 1/2, N(g,®, Ly(Py)) < (A/e)¢™*+1), Haussler’s bound gives HC(m, A, 2)
with an absolute A.

2.8 Synthesis of a signed measure

Definition 112. For afinite signed Borel measure  on Z the synthesisis (S7v)(x f o, (z
if y = hv with h € L?(v) then Sy = S, h, and F, = STIp when [ [a| dp < oc.

Definition 113.  For a finite signed measure  on Z, L(7) := %[ Sy — fH%Q(PX).

2.9 Dynamics: log-Sobolevinequality, proximal Gibbs measure,
mean-field Langevin flow

Definition114. Forp € Dletr, = F,—f,s,:= S*r,and W () := a s,(2) + U(0). The proximal
Gibbs measure is fi,(d6) = Z,'e o0/ 4o = Z e %028, (d6), where Z, = [ Wo/Pdb <
oo since [s,| < c,.

Definition 115. A probability measure ; on R? satisfies LSI(«) with « > 0 if for all g € C2°(R?)

Ent,, (¢%) :=/9210g92du— (/deu) 10g(/ Qdu /\VQIQdu

(Here the test functions are C'!; by standard approximation the two conventions agree.)

Definition 116. p has a smooth density with respect to p if p = p p for a positive C! function p with
Viegp € L%(p).

Definition 117. For p <« p with a smooth density p = g—z the relative Fisher information is
I(plp) = [|Vlog & dp = [ [V logp|* dp.



Definition 118. A probability measure p satisfies the KL form of LSI(«) if for every probability
measure p < p with a smooth density and KL(p|u) < oo,

1
KL < —1 .
(pllp) < 5= 1(plu)
This is (L1) of the paper, obtained from LSI(«) by substituting g = \/dp/ dpu.
Definition 119. For s: Z — R and A > 0 the shear is T(a, z) := (a + s(z)/\, z), a bijection of ©
with inverse T, 1 (a’, 2) = (a’ — s(2)/), 2).

Definition 120. The parameter space © = R x Z is given the Euclidean structure || = a? + |2|%; a
measure on © is regarded as a measure on this Euclidean space (formally, its image under the identity
map to “‘WithLp 2 (R x Z)").

Definition 121. For measures p, i on ©, I(p|u) is the relative Fisher information with respect to
the Euclidean gradient V, = (9,, V).

Definition 122. A probability measure ; on © = R x Z satisfies LSI(«) if it does so as a measure
on the Euclidean space ©.

Definition 123. A probability measure p on © satisfies the KL form of LSI(«) if KL(p|u) <
5—I(p|p) for every probability measure p on © with a smooth density with respect to pand KL(p|n) <

Q.

Definition 124. (A8), Gaussian confinement. V(z) = %= |z[> with \, > 0,sothatvy(dz) = Zy'le V(2 dz =
N0, (B/A)1)(dz).

min{\, \,e </(2A0)}
ALt VRE Te/M)?

stant of /i, in Lemma ??(iv) with ¢ = c,; it is nonincreasing in c.

Definition 126. For E € Rlet ¢ := /2(E + Blog Z;) (here c; = v2E, the constant of the free
energy being dropped) and

, the right-hand side of the LSI con-

Definition 125. For ¢ > 0 let a(c) :=

(B) min{\, A, e¢5/(228)}
a, = .
B(1+/R%+1cg/N)?

Definition 127. The feature map is smooth with bounded derivatives if z — ¢ (x) is C* for every x
andsup, _ [VZp,(z)| < ccforeveryn > 1. Under (A1) and (A3) thisholdswithsup |V ¢ (2)| <

VERX +1andsup, _[Vie.(2)] < cy(R% +1).

Definition 128. (Hypothesis W as the definition of a solution in law.) A curve (p,);- of probability
measures on O is an MFLD flow if

(W1) p, € Dforallt >0, ¢+ p, is weakly continuous, sup, _,. [16)*dp, < oo for every T, and for

a.e.t > 0 the measure p, has a smooth density with respect to 1, with V log d‘i{’ e L%(p,);
Pt

(W2) u = I(p,lfi, ) islocally integrable on [0, 00) and forall 0 < s <t

t

F(py) = F(py) — B2 / I(p.lii, ) du.

S

(;}EZ))is the integrated form of L5 (p,) = —BI(p,| fi,,) for a locally absolutely continuous ¢ +
Pt)-
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2.10 The finite particle system: Gibbs measure and free en-
ergy

Definition 129. For 6 = (6,);!, € ©" the particle risk is L(py) = 3|F,, — fI72(p, > where
Po = 37 2y 0p, and F, (z) = 57 32, app., (2).

Definition 130. The M-particle Gibbs measure is m,,(d6) := Zyfe MEwol/B ,8M(d9), 7, =
[ e MLpo)/B quEM . Since p&M o e~ 20 U0/B 49, this is 7, o e MIO/8dg with J(0) = L(py) +
=3 , U(0,), the invariant measure of the M -particle noisy gradient descent.

Definition 131.  For y € P(©") the M-particle free energy is 7™ (n) == M [, L(p) (d6) +
B KL(p|u$™) (the paper’s 7 up to the dropped constant —3 log Zi))-

Definition 132. For p € P(0), p®M ¢ P(©M) is the law of M i.i.d. particles of law p; the compari-
son measure of static chaos is p*® for the minimizer p* of .

Definition 133. (E) A family (y,),»o C P(0M) is ergodic to 7 € P(OM) if |y, — 7|y — O as
t — oo and sup,., [ =3 ’ a? p,(df) < oo. For the laws of the M-particle noisy gradient descent
and m = m,, the first property is the ergodic theorem for non-degenerate Langevin diffusions with
an invariant probability measure and the second is the moment bound of the particle system.

Definition 134. For a sample w = (x;, ;)Y the empirical M-particle Gibbs measure is 7,,( df) oc
e~ MLn(po)/B ;@M (d#), the invariant measure of the M -particle empirical noisy gradient descent (J =
Jn); it is the particle Gibbs measure of the empirical feature for the uniform measure on {1, ..., N}
and the target y (Lemma 271).

Definition 135. C (Y, A, B) == % (ij\gf g) +log2+4exp<20(% + \/%)) exp(%(?C—k

%)2) a bound on the constant C;V of Theorem 550 that depends on the sample only through Y,

(Ay <Y, /A2 + B/A, and (??) with | f]| = Vi)

ax

2.11 Convergence rates: the weighted Tikhonov problem

Definition 136. On L*(y,) let T, := S}, S, . It is positive semidefinite with (Tyu, u) = |5, u/?
and |Tg| < 1.

Theorem 137. T, = S; S, is self-adjoint and positive semidefinite with (Tyu, u) = ||Sl,0u||2, and
IToll < 1.
Proof. O

Definition 138. For A\ > 0and f € L*(Px), uy := (To +A\) 'S} f =S} (K, +\)'"f =Ry, f;
the two expressions agree by the push-through identity (Lemma ??(4)).

Definition 139. (SC,) Source condition of order a > 0. There is g, € L?(v,) withu! = T¢g,. Since
ranT§ C ranT, = (ker SDO)L, such a u' automatically satisfies the minimum-norm condition, and
(SC,) contains (R) (f = S, ul). Fora = 1/2,ran Tol/2 = ran S ,50(SC, 5) is equivalenttou’ = S*g
withg € L?(Py),ie.to f = K, g (In Lean the condition is formalized fora € {1/2,1} with abound

G on the norm of the source element: f = K, g, |9 < G, resp. f =S, Togo, [|go] < G; the spectral
power T} of an operator on a real Hilbert space is not available in Mathlib.)

11



Definition 140. (S_,) Uniform sup-norm bound. For the family of (A, ) under consideration (for
instance A < A, £ < Kg), SUD, g SUpP__, Im} 5(2)] < By < oo, where mj 4 is the conditional
mean amplitude of the minimizer of &, 4.

Definition 141. v := wm* € L2(1/0>, where w = dv*/dy, and m* = m .; v is bounded, and

IIp* =m'v* =vu,.

p

Definition 142. = := |(w — 1)m"|2(,,), where w = dv*/dy, and m* = m,,.; E is the whole

contribution of the learned base measure to the rate.

Pt =
Definition 143. )\ := N~'/?forp > 0; p = 4(a+2) in Theorem ??, p = 2(a+3) in Corollary ?2(iii).

Definition 144. Cy, (m,d) := \/ 2[4Cpvm +1+ (/3 log 3] +2Cpv/m + 14 |/2log $.

Definition 145. C, := (B2 em0B%/2 4 |ul|?)emolw' /4]yt

Definition 146. C] := (B2 emoP%/2 + |uf|?).

¢
Definition 147. With (; ; := 2 [ul[%, Cy = [[uf|PeCo.0/? max{—e<;‘0 exp(ie o,;g:qg)’ %}

Definition 148. (R) f € ran S, , thatis, thereis y, € L?(vy) with f = Sy o = fZ ug(2)p, vy(dz)
in L?(Py ). Such a uy, is called a representer of f (with respect to v).

Definition 149. Under (R), the canonical (minimum-norm) ridgelet transform of f with respect to
v, is u(T) = S,io f = Pyer S,,)" o> the orthogonal projection onto (ker SVO)L of any representer v, of
f (Lemma 382: it does not depend on ). Even if ran S,,0 is not closed, SZO f is defined in this sense
aslongas f € ran S, . (In Lean, ug := Owhen f ¢ ran s, .)

Definition 150. For v € P(Z), u: Z — R measurable and o® := 3/ put p,, := v(dz) ®

N (u(2),0?)(da), a probability measure on © with hidden marginal v and conditional mean ampli-
tude u. The competitor of the paper is p,, := p,, , foru € L3(vy).

Definition 151. For p with f |a]dp < 00, A > 0 and a finite measure v on Z, the bounded measur-
able function —s,/\ = —\~'S5*r  is an element of L?(v); for v = v* it is m ,. (Theorem 228).

Definition 152. 7 := Ly exp(5m*(2)?)vo(dz) = [, exp( & 2>\B )Vo(dz) 7./ Z, in the notation of
Theorem 226.

Definition 153.  For p with [|a|dp < coand A > 0, m, = —s,/A = —\"'S*r,: Z — R,

a bounded measurable function; for the minimizer p* it is the conditional mean amplitude (Theo-
rem 228).

Definition154. w:= g~ = Zo exp(Em*?) = 7' exp(£m*?) with & = \/3 (Theorem 401).

Definition 155. Assume (A1), (A3), (A5), f € L?(Py), (R) and the convention (??) (v, fixed). Let
(Ans Bp)nsy satisfy A, — Oand ,, := X, /B, — 0, and let p;, be the minimizer of 7 for (X, 5,);

1 * . * L P * * * P T
write vy, i= v, my, = mye 7, o= Llpy = my vy and v = gy,

Definition 156. 7y := 5 |\/2D(5/2)/VN + D'(8)/V/N] + %= /222, the bound of Corol-
lary 340 with Ay, < D(6/2)/v/N and Ay, < D’(8)/v/N (Corollary 341); ry — 0 as N — oc.
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Definition 157. 7, := {p € P(O): [a?dp < c}.

Definition 158. For v # 0 with ¢ := |y|,, and Jordan decomposition v = y* — 47, the lift
p = c " (y"(d2) ® 6,(da) + v (dz) ® 0_,(da)) is the measure 292  §_,  (da) of (159), with
U= dy/djy| € {£1}.

Definition 159. For v # 0, p(dadz) := 292 ®§_, . (da) with ¢ = |y],, and ¥ = dy/d}y| €
{£1}; fory =0, p := 6, ® v with an arbitrary v € P(Z).

Definition 160. The functional of the 3 = 0 problem (??)is £y(p) := L(p) + 5 [ a®dp on P,.
Definition 161. The total-variation regularized functional on M (Z) is &7y (v) := L(v) + 5[7[3,-

Theorem 162. S, is Hilbert-Schmidtwith |S, |%¢ = 3", 1S, e;|* < 1 along any Hilbert basis (e;)
of L*(): with ¢, = ¢.(x) € L*(vp), |S, ul* = [(u,p,)* Px(dz), and Bessel’s inequality gives
Yical€i 9:)° <o, I? < 1 for every finite s. Consequently - (Toe;,e;) = 3. 1S, ;> < 1and Ty is
compact.

Proof. O

Theorem 163. T, is a compact positive operator on the separable Hilbert space L?(v,), hence there is
a countable Hilbert basis (ey,) of L*(vy) with Toey, = puyey, iy = (Tyey, ex) = 1S, el* € [0,1].

Proof. O

Definition 164. Fora > 0, T§ = >_, uj(ey,)e; is the spectral power of 7Tj, (Definition 789
with respect to the eigenbasis of Lemma 163); it does not depend on the choice of the eigenbasis
(Lemma 794).

Definition 165. (SC,) Source condition of order a > 0. There is g, € L?(v,) with uf = Tg,,
where 7§ is the spectral power of Definition 164. Since ran Ti§ C (ker S, )+, such auf automatically

satisfies the minimum-norm condition, and (SC,) contains (R) (f = SVOuT). (In Lean, with a bound
G on the source norm: f = S, T g, with g, < G.)

13



Chapter 3

Basic lemmas of the setting

The lemmas of Section 2 of the paper: finiteness of the amplitude moments on the domain of the free

energy (Lem:moment), the Gibbs variational principle relative to a reference measure (lem: gibbs-variational),
and the properties of the synthesis operator, its adjoint, the kernel operator, the resolvent and the reg-

ularized ridgelet transform (lem: operators).

3.1 Second moments on the domain

Theorem166. Forv, € P(Z)and f: R — Rmeasurable, [, f(a) puy(dadz) = [ f(a) N(0, 3/A)(da).
Proof. O

Theorem 167. Let \,3 > 0, v, € P(Z) and 2s3/\ < 1. Then a + e** is p-integrable and
s e g (d) = (1 —2s8/X) 12
Proof. O

Theorem 168. Let \, > 0,1, € P(Z), andlet p € D, i.e. p € P(O) with KL(p|py) < oo. For
everyn € (0,1),

28
/a2 p( da dZ) < 777)\ [KL(p”:U'U) + %log 1in .
(S]
Only |¢.| < 10f (A3) and v, € P(Z) of (A4), (AS) enter.

Proof. Step 1: the test function ‘g(6) = c a2 with ‘c = nA/(2p)", so that 2c /A =1 < 1"
Step 2: the Gaussian exponential moment ‘[ e’g du_U = (1-n)"-1/2".
Step 3: ‘g € L1(p)* (Lebesgue-integral Donsker-Varadhan), hence ‘a2 € L1(p)".
Step 4: the Donsker-Varadhan inequality ‘c [ a2 dp < KL + log (1-n)*-1/2".
Step 5: ‘log (1-n)"-1/2 = Y2 1log (1/(1-n))", and divide by ‘c".

Theorem 169.  Under the hypotheses of Lemma 168, taking n = 1/2, [, a?dp < % [KL(p|lpr) +
3 log2].

Proof. O
Theorem 170. Under the hypotheses of Lemma 168, fe a’dp < oo, i.e. a > a? is p-integrable.

Proof. The test function ‘g(6) = (A/(4p)) a?‘ of the case n = 1/2". O
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Theorem 171. If p is a finite measure on © with [ a* dp < oo, then [ |a|dp < oo (since |a] < a®+1).
Proof. O
Theorem 172. Under the hypotheses of Lemma 168, [ |a|dp < oo and [ a*dp < oco.

Proof. O

Theorem 173. For p € P(0) with [a*dp < oo, [|aldp < ([ a? dp)l/2 (Cauchy-Schwarz).
Proof. “Var[la|]] = [ a2— ([ |a[)2 > 0". O

Theorem 174. Under the hypotheses of Lemma 168, [ |a|dp < ([ a* dp)1/2 < oo

Proof. O

Theorem 175. Under the hypotheses of Lemma 168, foreveryx € X, |F,(2)| < [ |a|dp < ([ a? dp)l/z.

Proof. O

3.2 Gibbs variational principle

Theorem 176. If [ e W/fdu < oo then fiy, = Zyte /P is the exponential tilt of p by —W /3
(Mathlib’s ‘Measure.tilted"), i.e. the measure with density e="V/# | [ e=W/8 dys with respect to yu.

Proof. O
. ) W)/

Theorem 177. Iff e /8 dll/ < 0 then Mw( d@) = m /,L( d9)

Proof. O

Theorem 178. Ifu # Oand Zy, = [ e W/#du < oo then iy, is a probability measure.

Proof. O
Theorem 179. If Z;, < oo then [iy, < p.

Proof. O
Theorem 180. If Z,, < cothen u < [y, S0 fiy, and p are equivalent.

Proof. O

Theorem 181. Let i be o-finite, 5 > 0, W measurable with Zy, < oo, and let p € P(O) with
p < pand [|[W]dp < co. Then KL(p|fiy) < oo ifand only if Ent,,(p) = flogg—z dp is finite, i.e.

log d—z € LY(p).

Proof.

Theorem 182. Under the hypotheses of Lemma 181, if Ent,, (p) is finite then KL(p| i) = Ent,(p) +
5 Wdp +log Zy,.

Proof. ‘KL(p|p_W) = [ lIr p fi_W dp* for probability measures, and Mathlib’s computation of the
log-likelihood ratio with respect to a tilted measure. O
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Theorem 183. Let i be a o-finite measure on ©, 5 > 0, W: © — R measurable with Zy, :=
s e WiBdu < oo, and fiy, (d0) = Zypte WOBL(dh). If p € P(O), p < p, [|W|dp < oo and
Ent,(p) = [log g—z dp is finite, then

[ W dp+ 5 Ent, (o) = 5 KLiply) ~ Blog Ziy.

(The paper takes pu to be Lebesgue measure; the case Ent, (p) = +o0 is Lemma 181.)
Proof. O

Theorem 184. Under the hypotheses of Lemma 183, [ W dp+ 3 Ent . (p) > —Blog Zy,, with equality
ifand only if p = [iy, (Lemma 185).

Proof. O
Theorem 185. Under the hypotheses of Lemma 183, [ W dp + (3 Ent,(p) = —3log Zyy if and only
ifp=fiw-

Proof. O

Theorem 186. Let ;i € P(O), 8 > 0, W measurable with Zy, < oo, and p € P(O) with p < p and
J IW|dp < co. Then KL(p|jiy,) < oo ifand only if KL(p||p) < oo.

Proof. O

Theorem 187. Let u € P(O), § > 0, W measurable with Zy, < oo, and p € P(O) with p K p,
JIW|dp < 0o and KL(pl||p) < oo. Then KL(p|ay ) = KL(p|p) + % JWdp+log Zy, ie. [Wdp+

BKL(p|n) = BKL(p| i) — Blog Zy,.
Proof. O

Theorem 188. Under the hypotheses of Lemma 187, [ W dp+B3KL(p|p) > —f3log Zy,, with equality
ifand only if p = [iyy.

Proof. O

3.3 Synthesis operator, adjoint, kernel and regularized ridgelet
transform

Theorem 189. Forr € L?(Py) and every z € Z, |S*r(z)| < lelr2polrlczpy) < I7llp2cpy )

Proof. O

Theorem 190. Forr € L*(Py) and every v € P(Z), S*r € L?(v): it is measurable (Fubini) and
bounded by |7 2(p,)-

Proof. O

Theorem 191. Let Z be a metric space and assume |p,(x) — ¢, (z)] < Ld(z,2") forall z,z, 2.
Then forr € L?(Py), |S*r(z) — S*r(2")| < L |7 2Py d(z, 2"); under (A1) and (A3) this is (??) with

L=/R%+1.
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Proof. Step 1: the difference is the integral of ‘(¢_z — ¢_z") r".
Step 2: ‘L - dist z z’ > 0° (the input space is nonempty since ‘P‘ is a probability measure).
Step 3: bound the integrand by ‘L - dist z 2’ - |r|* and use ‘|r|_L! < ||r|_L2". O

Theorem 192. For every v € P(Z) and r € L?*(Py) the adjoint of the synthesis operator is the
analysis map: (S;7)(2) = (¢,,7) 12(p,) = (5°7)(2) for v-a.e. 2. In particular S;r does not depend on
v (as a function).

Proof. O

Theorem193. K, = S, S; isaself-adjoint positive semidefinite operatoron L*(Py): (K, r,7) r2(p ) =
15570172, = 0 forevery r, and | K, | < ||S,[[IS;] < 1.

Proof. O

fwz

Theorem194. Forr € L?(Py), Py-a.e.inx, (K,r)(x) = x)
i.e. K, is the integral operator with kernel k,(z,z") = [ ¢, (") (dz)
Proof. O

Theorem 195. For \ > 0 the operator K,, + ) is a bijection of L*( Py ) with bounded inverse: (K, +
N (K,+A) ! =idand (K,+\)"}(K,+\) = id, where (K, +)) ! is ‘kernelResolvent". (Proof: K, > 0
gives (K, + \)r,7) > Mr|? so K, + ) is injective with closed range whose orthogonal complement is
trivial.)

Proof. O
Theorem 196. For A > 0, |(K, + \)7Y| < 1/X\: forg = (K, + N7 f, A|g|? < (K, + N)g, g) =
(f,9) < 1 fllgl-

Proof. O

Theorem 197. For A > 0, |A(K, + \) Y| < 1and |K,(K, + \) Y| < 1. (Proof without spectral
caleulus: for g = (K, + \) U f, | fI? = (K, + Ngl* = [K,9]* + 2\(K, g, 9) + N[ g|* dominates
both X2g|? and | K, g|? since (K, g,g) = 0.

Proof. O
Theorem 198. For A > 0and f € L*(Px), Ry, fl12() < [fl2(p,)/(2VA). (Proof without the
spectral measure: with g = (K, +X\) "' £, |S;g]* = (K, g, ) and | f|* —4XN(K g, 9) = | (K, —N)g|* >
0.)

Proof.

Theorem 199. For A > 0, f € L*(Px) andevery z € Z, |R, ,f(2)| < [(K, + A flr2p,)
12y /A

Proof. O

IN

Theorem 200. For A > 0and f € L*(Py), u = S;(K, + \)~! f solves (S35, + Nu = S} f; i.e. the
push-through identity S;,(K,, + \)~ f = (S3S,, + A\)~1S; f holds.

Proof. O

Theorem 201. For A\ > Oand f € L*(Py), uy = Si(K, + \)~! f is the unique minimizer over L?(v)
of the Tikhonov functional J (u) = %S, u— f||L2 (Py) %HUH v J( o) < J(u)forall u, with equality
only for u = . (Proof: by the normal equation, J(u) — J(uy) = 3|5, (u — ug)|* + 3 u — ue|?)

Proof. O
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3.4 Characterization of the minimizer of the free energy
Theorem 202. For pwith [ |a|dp < oo, L(p) = 5r,[7- o Withr, = F, — f € L*(Px).
Proof. O

Theorem 203. For p with [ |a|dp < oo and g € L*(Py), Joa(59)(2) p(d8) = (F,, 9)12(py)
(Fubini, since [[ |al|¢,(2)||g(x)| p(d0) Py (dx) < [laldp gl (p,) < 00).

Proof. Step 1: the integrand ‘a ¢_z(x) g(x)* is integrable on ‘P ® p‘, being bounded by ‘|g(x)| |a|".
Step 2: write the inner product as an integral and swap the order of integration. O

Theorem 204. For p, p’ € D (indeed for any p, p’ with [ |a|dp, [ |a|dp’ < o0), with s, := S*r,,

L(p") = L(p) = /a sp(2) d(p" = p)(O) + 51F,y — F,l72p,
e
(Proof: v, = r,+ (F, — F,), expand the square, and use Lemma 203.)
Proof. ‘1_p=r1r_p+ (F_p —F_p) and ‘|r + d||2 = ]2 + 2(x, d)) + |d|?". O

Theorem 205. Under the hypotheses of Lemma 204, L(p’) > L(p)+ [ as,(z) d(p’—p), with equality
ifand onlyif F,, = F,in L*(Px). In particular L is convex on D.
Proof. O

Theorem 206. Lets: Z — Rbemeasurablewith |s| < C and W (0) := a s(z). Then f@ e WIBdu, <
00, since e (/8 < ¢Clal/B and the a-marginal of ju;; is Gaussian.

Proof. O

Theorem 207. Let s be measurable with |s | < Cand W(0) = as(z). Then jiy, = Zite ™/ Py isa

d“W = ‘”ﬁ(z> log Zyy, is [iy-integrable.

probability measure with KL(fiyy || 1¢7)
Proof. O

Theorem 208. Let s be measurable with |s| < C, W(0) = a s(z) and i := fiy, (relative to uy;). For
every p € D, KL(p|) < oo and

o) = L(p) ~ [ as(z)dp+ B KL(ol) — Blog Zy.
(C]

(Chain rule KL(p|p;) = KL(p[2) + [log 5} di — dp, legitimate since [lalls|dp < C []a|dp < oo by
Lemma 168.)

Proof. O

Theorem 209. Let p, € D satisfy the self-consistency equation p, = /]W g W, (0) = a(S™r, )(2)

p
Then for every p € D, KL(plpy) < oo and F(p) — T (py) = AIE, — F, [ap, + BKL(plpo).
(Lemmas 208 and 204 with 1 = p,.)

Proof. Step 1: the decomposition of ‘F* relative to ‘what = p,‘ at ‘p* and at ‘p,°.
Step 2: the expansion of ‘L‘ around ‘py°. O
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Theorem 210. Ifp, € D solves the self-consistency equation p, = ﬁwpo with W, (0) = a (51, )(2),
then F (p) > F (py) + BKL(pllpy) = F (py) forevery p € D, so p, is a minimizer of F on D.

Proof. O
Theorem 211. Letp* € Z)beaminimizerof&l~ on D, s* = S*r,.andW*(0) := as*(2). Then Zy,. <
00 and p* = iy, Le. p*(d0) = Zpke /B 1, (d0); with py; o e”U/Pd0 this is p*(dadz) o«
exp(— %) dadz. (Proof: with [i := jiy,. € D and p, := (1 —¢)p* + ¢fi, Lemmas 208, 204

and 904 give 0 < F(p.) — F(p*) < 5 HFA — F,.||> —eBKL(p*|); lete | 0.)

Proof. Step 1: ‘nhat = gibbs p_U 8 (a s(z))* is a probability measure in the domain.

Step 2: the decomposition at ‘py’, with ‘K = KL(py||nhat)* and ‘D = |F_phat — F_pg|2°.

Step 3: for ‘e € (0,1)" and the mixture ‘p_e = (1—¢) pg + € phat € D*, minimality, the decomposition,
the expansion and the convexity of ‘KL’ give ‘B K <e D/ 2.

Step 4: letting ‘e | 0° gives ‘K = 0°, hence ‘py = phat". O

Theorem 212. Let p* € D be a minimizer of & on D. For every p € D, KL(p|p*) < oo and
F(p) = T (p") = 31 F, = Fel72p,, + B KL(plp*) = B KL(p|p").
(Lemma 209 with p, = p*, which is self-consistent by Lemma 211.)

Proof. O

Theorem 213. The minimizer of & on D is unique: if p;, p, € D both minimize F then p, = p,. (By
Lemma 212,0 > F(py) — F(py) > BKL(palpy). 50 KL(palpy) = 0.)

Proof. O

3.5 Existence of the minimizer

Theorem 214. ForT > 0and a € R, |a — max(—T, min(T, a))| < a?/T.
Proof. O

Theorem 215. Let Z be a topological space with its Borel o-algebra, let z — ¢, (x) be continuous for
every z, and let p, — p weakly in P(©) with sup, [a*dp, < Cand [a*dp < C. Then F, (z) —
F,(x) for every x € X. Proof: forT > 0 thefunctlon 0 — max(—7T,min(T,a)) ¢,(x) is bounded
and continuous, and replacing a by its clamped value changes F,(x) by at most [ a’dp/T < CJT
(Lemma 214).

Proof. Step 1: the truncation level ‘T = 4 max(C,1)/¢ and the bounded continuous test function
‘h_T(0) = max (—T) (min T a) ¢_z(x)".

Step 2: for every probability measure ‘c* with ‘[ a2do < C*, |F_o(x) — [ h_T do| < [ a2/T do <
C,/T=¢/4".

Step 3: weak convergence gives ‘| [ h_T dp,, — [ h_T dp| < €/2° for ‘n‘ large, and the triangle
inequality concludes. O

Theorem 216. Under the hypotheses of Lemma 215, for Py, € P(X )andf € L*(Py), L(p,,) — L(p).
Proof: F, (z) — F,(z) pointwise and |F, | < VC, 50 (F, — f)* < 20 +2f* € Ll(PX) and
dominated convergence applies.
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Proof. Step 1: the uniform bound ‘F_o(x)2 < [‘a2do < C'.
Step 2: dominated convergence with the bound 2C + 2f2*. O

Theorem 217. Let Z be a Polish space with its Borel o-algebra, let z — ¢ (x) be continuous for every
(both hold under (A3)-(A5)), and let f € L?(Py). Then the free energy & has a minimizer on D: there
is p* € Dwith F (p*) < F(p) forall p € D. (Direct method: tightness of the sublevel sets of KL(-|| ),
lower semicontinuity of KL, Prokhorov, and continuity of L along weakly convergent sequences with
uniformly bounded second amplitude moments.)

Proof. Step 1: the free energy is nonnegative, the domain contains ‘u_U*; let ‘m* be the infimum of
‘Fon ‘D"

Step 2: a minimizing sequence ‘p,, € D* with ‘F(p,,) < m + 1/(n+1), so ‘F(p,,) — m".

Step 3: the uniform bounds ‘KL(p,,|[1_U) < C := (m + 1)/B* (since ‘F > B KL) and ‘[ a2 dp,, <
C = (4B/M)(C + Y2 1og 2)* (‘lem:moment").

Step 4: tightness of ‘p,,* and Prokhorov’s theorem: a subsequence ‘p_¢ n‘ converges weakly to
some ‘plim°.

Step 5: lower semicontinuity, ‘KL(plim|u_U) < liminf KL(p_¢ n|ju_U) < C*: ‘plim € D".

Step 6: continuity of the risk along the subsequence, ‘L(p_¢ n) — L(plim)‘.

Step 7: ‘KL(p_¢ n|u_U) = (F(p_¢ n) — L(p_op n))/f — k := (m — L(plim))/B*, and by lower semi-
continuity ‘KL(plim|u_U) < k.

Step 8: ‘F(plim) = L(plim) + B KL(plim|ju_U) < L(plim) + Bk =m < F(p’) forall ‘©’ € D*. O
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Chapter 4

Structure of the minimizers: the
null-space effect

Section 3 of the paper: the structure of the Gibbs minimizer of the free energy (thm:m1: Gaussian
conditional amplitudes whose mean is the regularized ridgelet transform with respect to the learned
hidden marginal, kernel ridge regression of the learned kernel), the structure of the stationary points
of the noiseless finite-width gradient flow with weight decay (thm:m1prime) and the fixed-feature
flow without amplitude regularization, whose endpoint keeps the null-space component of the ini-
tialization (prop:no-regularization, cor:necessity-amplitude).

4.1 Gibbs minimizer of the free energy

Theorem 218. Let s be measurable with |s| < C, W, (0) = as(z) an i= [iy relative to pi;.
Then p,(dadz) = v[s|(dz) N(—s(z)//\,ﬂ/)\)( ) with v[s](dz) = (2)2/(228 Vo(dz), zZ, =
[ e/ du,. (Completing the square, as + 3a® = 3 (a+ s/\)? — —)\)

Proof. O

Theorem219. Under the hypotheses of Lemma218,v, = v[s],ie. v, (dz) = Z;7'e*®*/ @My (dz).
Proof. O
Theorem 220. Under the hypotheses of Lemma 218, m,, (2) = —s(z)/A forv, -a.e. z.

Proof. O

Theorem 221. Under the hypotheses of Lemma 218, F, (x) = [, (—s(2)/A)¢.(z) v, (d2) = (S, (—s/A))(x)
forevery x.

Proof. O

Theorem 222. Let s be measurable with |s| < C and ¢ := C?/(2\B). Then v[s] = w, with
w = Z e/ 1 < Z, < e, hence e ¢ < w < e everywhere; in particular v[s] and v, are
mutually absolutely continuous.

Proof. O
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Theorem 223. Under the hypotheses of Lemma 218, [ |a|dpy < [[s/A|dv, ++/26/(7A) < C/A+
28/ (7)) (the Gaussian bound E|X| < |u| + o+/2/7 for X ~ N (u,0?)).

Proof. Step 1: the inner Gaussian moment bound.
Step 2: integrate against the hidden marginal. O

Theorem 224. Under the hypotheses of Lemma 218, [ a*dp, = [(s/\)*dv, + /) (the Gaussian
identity EX? = p? + o2).

Proof. O

Theorem 225. Let p* be the minimizer of  on D, s* := S*r. and v* := v,,.. Then p*(dadz) =
v*(dz) N (—s*(2)/\, B/N)(da).

Proof. O
Theorem 226. With the notation of Theorem 225, v*(dz) = Z; ! exp(s;s\zg2 Jvo(dz) with Z, =
fZ exp(s;s\zgz)z/o(dz) < oo; with vy = Zy'e VI8 dz thisis v*(dz) o exp(s;(;)z _ ng)) dz.

Proof. O
Theorem 227. The measures v* and v, are mutually absolutely continuous.

Proof. O

Theorem228. m,.(z) = —s"(z)/Aforv*-a.e. z (the conditional law of a given z is N (—s*(2) /A, B/ ).

Proof. O

Theorem 229. Ilp* =m
able A C Z.

g Vi withm, = —s*/)\ ie Tp*(A) = [, (—s"(2)/\)v*(dz) for measur-

Proof. Step 1: transport the set integral through the disintegration.
Step 2: the inner integral is the Gaussian mean ‘—s(z)/A". O

Theorem 230. In L*(v*), m, = —X"'S;.r* eranS;. C (kerS,.)".

Proof. O
Theorem 231. With K* := K .,

v

= ANEHN T, F = KK ATV, my = SY KA f = Ry, f (Vae), st = —ARy . f.

P
(Proof: F,. = S,.m,. = —\"'K*r* by Lemma 221 and Theorem 230, so (K* + \)r* = —\f, and
K* + Misinvertible.)

Proof. Step 1: ‘F_p* =S_v* (—s*/A) = —A 1 K* r*.

Step 2: ‘(K* + A) r* = —A f, hence ‘r* = —A (K* + A)~1 .

Step 3: ‘F_p*=f+r*=K*(K*+ 1)1 f"

Step 4: ‘s* = —A R f*and ‘m* = R f*. O
Theorem232. With||f| := [ flz2py) 7| < £l sup, [s*(2)] < If], [m,-| < | f/Aand|m,. | L2, <
11/ (2VX).
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Proof. ‘|r*| = A (K* + A)~Lf|| < ||f|* by lem:operators (5).

|| _L2(v*) = ||S_v** (K* + A)~L f]| < \|f|\/(2\/\)‘ by ‘lem:operators’ (4). O
3 2 2
Theorem 233. [ |a|dp* < Ul 4+ /28 and [ a®dp* = Impllae + 8 < min{ U UL 4 8
Proof. * = [ (s*/A)2 dv*.

The two bounds on ‘|m*|*: ‘|f]/A* (sup bound) and ‘||f||/(2\/\)‘. O
Theorem 234. With c := | f|?/(2)\5), gZ; (2) = % exp(s;(;;) ande™¢ < g—:(z) < e forall 2.
Proof. O
Theorem 235. L(p*) = & |(K* + \)~ Y Re ey < 31
Proof. O

Theorem 236. The self-consistency equation s = —\ S* (K, +\) " f, v[s](dz) o< exp( 52(?; Y (dz),
has exactly one bounded measurable solution, namely s*: s* solves it by Theorems 226 and 231, and any
bounded measurable solution s satisfies s = s*. (Proof: p, := iy, with W, = as(z) hasv, = v[s],
F, =K, (K,q+ A)~!fand S*r, = s, 50 p, solves the self-consistency equation of Lemma 210 and
is the minimizer.)

Proof. Step 1: ‘F_p_s = S_v[s] R_A,v[s] f = K v[s] (K_v[s] + A)~Lf".
Step2: T_p_s=—-A(K v[s]+A)1f and ‘S*r_p_s=s".
Step 3: ‘p_s‘ solves the self-consistency equation, hence is the minimizer. O

4.2 Stationary points of the gradient flow with weight decay

Theorem 237. Under (A3), for every v € R™ the map z = (w,b) = ¢, (v) = tanh(w'z — b) is
differentiable on Z = R™ x R.

Proof. O

Theorem 238. Under (A3) and (46), Jy € CH(OM); in Lean: Jy is (Fréchet) differentiable on
OM = (R x Z)M whenever z — ¢, (z) and V are differentiable.

Proof. O

Theorem 239 (Gradient of J.) Under (A3) and (A6), Ty € CHOM) and, withr; = Fy(z;) — y,,
0o, In(0) = 37 [(ShT)(20) +ay], V., In(0) = 37[a,V . (Sy7)(2,) + VV (2)]. In Lean the two partial
derivatives are packaged as the Frechet denvatzve applied to a direction v = (v}, v}),: 0Jy(0)v =
3z 2o ([(SNT)(20) + Aaglvg + ag D(Sir) () + OV (2)]v7).

Proof. O
Theorem 240. Let 6° be a stationary point of J, (VI (0°) = 0), 15 := Fy.(z;) —y,; and s° := Sy’
Then ay = —s°(z;) /A fort =1,..., M.

Proof. O
Theorem 241. In the setting of 240, with piy; = 57 35, g, and vy, = 37 3,6, 1phy, = 37 32, 030, =
—\"1s° 35 in Lean: for every measurable A C Z, 113, (A) = =X\ "' 55 32, sen ST (20).
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Proof. O

Theorem 242. In the setting of 240, each z; is a critical point of U°(z) := % —V(2): V¥°(2;) =
SV E) gy (z) = 0.

Proof. O
Theorem 243. In the setting of 240, with K° := K .. , the residual satisfies (K° + A\)r® = —\y.
Proof. O
Theorem 244. In the setting of 240, with K° := Ky . , 1° = —A(K* + ALy

Proof. O
Theorem 245. In the setting of 244, (Fy.(x;));, = y +1° = K°(K° + \)"ty.

Proof. O
Theorem 246. In thesetting of 244, aj = [Si (K°+)\)'y|(z;), thevalue at z; ofRE\]X/)My = Sy (K +
ALy

Proof. O
Theorem 247. In the setting of 244, for every x € X, Fp.(z) = + Zi]il k. (z,2;) o with o® =

(Ko + A)_ly and kl/‘}W (J}, .17/) = ﬁ E@ (pz} (x%oz} ($/)

Proof. O
Theorem 248. In the setting of 244, L (0°) = 27| (K* + A)‘lnyv.

Proof. O

Theorem 249. Along a solution of the gradient flow (??), t +— Jy(60,) is nonincreasing on [0, o),
since I (60,) = —M||VJn(6,)] < 0.

Proof. O

Theorem 250. Along a solution of the gradient flow (2?), forallt > 0, 73; ’ a,(t)?+ >, Viz(t) <
Jn(6y). (With V > 0 and (A6) this bounds the trajectory in a compact set.)

Proof. O

Theorem 251. Assume (A3), (A6) and (A7): z — ¢, (x) andV are real analytic, V' > 0 is coercive and
Z is finite dimensional. For every 6, € ©M the gradient flow (??) has a unique solution on [0, 00), which
is bounded, has finite length and converges to a stationary point 0°: j(;oo |0,] dt < oo, lim,_, 6, = 6°,
VJN (00) - 0.

Proof. O
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4.3 Without amplitude regularization the null-space compo-
nent survives

Theorem 252. S NS]TVy = Puans, Y-

Proof. O
Theorem 253. For A > 0 and a solution v, of (??), Prer s,V = e M Pyer syYoforallt.

Proof. O

Theorem 254. For A = 0 and a solutiony, of (??), Peer 5Vt = FPrer s, Vo for allt > 0: the null-space
component is conserved by the flow.

Proof. O

Theorem 255. For A > 0 and a solution v, of (22), v, = 7, + e BN (yg — 4,) withy, = (B +
A)"LS%y € (ker Sy)*t; the endpoint does not depend on .

Proof. O
Theorem 256. For A > 0 and a solution v, of (??), |7, — Vallar < € Mvo — Y llas fort > 0.
Proof. O

Theorem 257. B = S4.S) is invertible on (ker Sy )*: there is o > 0 (the smallest positive eigenvalue
Omin Of B is the largest such) with o|u|? < (u, Bu) forall u € (ker Sy)*.

Proof. O

Theorem 258. For A\ = 0 and a solution v, of (?7), v, = S\y+ Prer s30T € P (Persy Yo~ Shy)
).

Proof. O

Theorem 259. For A = 0, a solution v, of (2?), v, = SJTVy + Prersy Yo and any o > 0 with

ollul* < (u, Bu) on (ker Sy)* (in particular o = o), |7, — Voollar < efatHP(kersN)i% - S]Tv?/”M
fort > 0.

Proof. O
Theorem 260. For A\ = 0 and a solution -y, of (??), v, :=lim,_, v, = S;r\,y + Brer sy Yo

Proof. O
Theorem 261. For-y,, = S;r\,y + Prer sy 70 SNVoo = Pran s, Y-

Proof. O

Theorem 262.  Forv,, = Sy + Pers, Yo Voo = Sh¥lar = |Peers Yollar and 7o = Sky if and
only if Per 5,70 = 0.

Proof. O

Theorem 263. For o > 0 with o|u|?> < (u, Bu) on (ker Sy)t and X\ > 0, |y, — SijHM <

)\||S]T\,y|\M/U; in particular ~, — S]T\,y as A | 0.
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Proof. O

Theorem 264. For X\ > 0, v, = (B + \)"'Syy = Sy(Ky ,,, + A"y, the values at the particle
» (N)
positions of R, , .

Proof. O
Theorem 265. rank Sy < N, hencedimker Sy > M — N; in particular dimker Sy > 1if M > N.
Proof. O

Theorem 266. Ifthe components of v, are centered, pairwise uncorrelated with variance 72 (e.g. i.i.d.)
and independent of zy, ..., zyy, then E[| Py s 0l3/ | 2] = Tzdi“}% > 71— 4 ().

Proof. O
Theorem 267. Under the assumptions of 266, for every fixed test vector g € F 1, E[(q, Peers, Y0) 3 | 2] =
Tl Prees, a3y < e 20

Proof. O

Theorem 268. (Necessity of amplitude regularization.) For A\ = 0, § = 0 and frozen hidden param-
eters, the endpoint of the fixed-feature flow is v, = S}L\,y + Prer s, Yo the canonical empirical ridgelet
transform plus the ker S, component of the initialization, which is data independent, invisible to the
training loss and conserved by the flow. With amplitude regularization A > 0 the ker S, component
decays like e *': Py s Ve = € M Prers, Yor

Proof. O
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Chapter 5

[ ]
Sample-size threshold: from the
[ o (] [
empirical to the population Gibbs
[ [ ] [ ]
minimizer
Section 5 of the paper. The empirical problem is the population problem for the empirical feature on
the index space of the sample, so the structure theorem applies verbatim (1lem: empirical-gibbs);
uniform deviations over the class of measures with bounded first amplitude moment are controlled

by the Rademacher complexity of the feature class (lem: uniform-deviation), which gives the sample-
size threshold (thm:m3).

5.1 Empirical Gibbs structure, moment bounds and tails

Theorem 269. For the empirical feature, F,(i) = F,(x;): the realization is the vector F,|, =
(F)(x;)); € RY.
Proof. O

Theorem 270. Ly (p) = 55 >, (F,(z;)—y;)* = 3|F,|, —yl3 is the population risk of the empirical
feature for the uniform measure on {1, ..., N} and the target y.

Proof. O

Theorem 271. ¥ 5 (p) = Ly(p) + BKL(p|iy ) is the free energy of the empirical feature for the
uniform measure on {1, ..., N} and the target y.

Proof. O
Theorem 272. Forr € RY the analysis map of the empirical feature is (S*r)(z) = + Y p(x)r =
(Syr)(2).

Proof. O

Theorem 273. Forv € P(Z) and h € RN the kernel operator of the empirical feature is K N
(K, h); = [ o (z;){(2, h)y v(dz).
Proof. O
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Theorem 274. For A > 0andv € P(Z), Ky, + A s injective (hence bijective) on RY, since K ; ,, is

positive semidefinite for (-, -) .

Proof.

Theorem 275. Let s be measurable with |s| < C, p, = ﬂWS asin Lemma 218, B :

T>C/\ Thenf{‘abT

Proof. Step 1: the set integral as the integral of ‘g(a) = |a] 1_|a| > T".
Step 2: transport through the disintegration ‘p_s.map swap =v ® x_s".
Step 3: the inner Gaussian truncated moment, uniformly in ‘z".
Step 4: integrate over the hidden marginal.

O

% + \/%ﬁ and
) la|dp, < B exp(—%(T—%)z). (Conditionally on z, a ~ N (—s(z) /X, B/\)
with [s(z)/A| < C/X; apply Lemma 908 with m, = C//\, v = /) and integrate over v,, .)

O

Theorem 276. The minimizer p; of & n on D is the minimizer of the free energy of the empirical
feature (z,i) + ¢, (x,;) for the uniform measure on {1, ..., N} and the target y € R™ = L?(uniform);

all of Lemma ?? and Theorem ?? apply to it.

Proof.

Theorem 277. Withry = F,
agn(2), ie pi(d) oc em@InGIB Y, (dh).

Proof.

Theorem 278. Let r}y := Fp*
N

vi(d2) N (=gn(2)/A B/A)(da).

p

Proof.

Theorem 279. v}, (dz) exp(gg;‘z)Z Wo(d2) (with vy oc eV dz this is v}, (dz) oc exp(
V) dz).

Proof.

Theorem 280. m,,. () = —gy(2)/A for vi-a.e. z.

Proof.

Theorem 281. With K := K Ny

« —yand gy = Sy, py = [y, relative to py; with W5 (6)

»—Y € RY, gy := Syryand vy := v,. . Then pi(dadz)

O

O

O

(K + Ny ==y, F, N|T = —A"Kry, My = Rﬁ\\tuj\,y (viy-a.e.), IN = *ARf\\{u}*\,y,

p

and K + X is injective on R™, so that ry, = —\(K + \) 'y and F, |, = K(K +)\)"'y.

Proof. Step 1: ‘(K_v + A1) r = —Ay* in ‘L2(uniformFin N)', from ‘r = —A (K_v + A)~1y".

Step 2: transport to ‘R"N* through the dictionary.
Step3: ‘F p|. x=r+y=—-A"1K vr"

Theorem 282. If|y;| < Y, for all i, then deterministically |y | n < [ylly < Yiaw SUp, [gn(2)]

Y,

max and (M. (2)| < Y /A for vy-ae. z.

Proof.
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Theorem 283. If |y;| < Y., for all i, then deterministically [ |a|dpy, < B := % +
2

Ja*dpy < T+ %

Proof.

23
v and

s

Theorem 284. If |y,| < Y]

— max

foralliand T > Y, /A then deterministically jj{\abT} la|dpy

IN

Y, Y,
Bexp(—g5(T — 3=)2), B= 3= + /2.
Proof.

IN

Theorem 285. If|f],2(p, ) < Ymax then, with g* := S*r* asin Theorem??, |r*|| 12p ) < | fl12(py)
Yinaw SUP, |97 (2)| < Yoy and [m . (2)| < Yiay /A for v'-ae. z.

m

Proof. O

Theorem 286. If||f|2(p, ) < Yinu then [ |a|dp* < B = % + 2—5 and [ a?dp* < Y’;\—?‘; + g

T

Proof. O

Theorem 287. If|f|.2(p ) < YmaxandT > Yy /A thenf{ la| dp* < Bexp(—%(T—%)Z),

la|>T}
Proof. O
Theorem 288. Let f be a regression function of Qwith | f| < C, [Y| < Y, a.s., and pwith [ |a]dp <
5. Then L(p) = L(p) + L E(Y — F(X))? = L(p) + § EVar(Y | X), since E[(E,(X) — f(X))(f(X) —
Y')] = 0 by the tower property.

Proof. Step 1: pointwise, ‘(F_p—Y)2=g2-2(Y -f) g+ (Y — > with‘g=F_p —f".
Step 2: integrability of the three terms.
Step 3: the tower property Kills the cross term, and ‘[ g2dQ = [ (F_p — f)2 dP_X". O

Theorem 289. Under the hypotheses of Lemma 288, for p, p’ with integrable amplitude, i(p) —
L(p") = L(p) — L(p")
Proof. 0

Theorem 290. Let f be a regression function of Q with | f| < C, |Y| < Y., a.s., Py the first marginal
of Q, and p* the minimizer of  on D (for the target f € L?(Py)). Thenforevery p € D,KL(p|p*) <
and

Fp) = F(p*) = 31F, = Fp 2, + 8 KL(plo).
(Lemma 212 and Lemma 288: & — F is the constant LE(Y — f(X))%)
Proof. The population risk only sees the a.e. class of the target. O

Theorem 291. Let py be the minimizer of F y on D for the sample (z;,y;) ;. Then forevery p € D,
KL(p|ply) < oo and

Fn(p) = Fn(pn) = 51F,le = Fo I3 + 8 KL(ploy)-
(Lemma 212 for the empirical feature, through the dictionary of Lemma 61.)
Proof. O
Theorem 292. Forasamplew = (z;,y;)Y., and the minimizer p’y of F 5 on D, every p € D satisfies
T n(p) =T n(px) = 51F | — Fe o3 + 8 KL(pllpy)-
Proof. O
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5.2 Uniform deviation over the class of bounded first ampli-
tude moment

Theorem 293. Forp € Ppandeveryr € X, |F,(z)| < B.

Proof. O

Theorem 294. For|a| < Bandz € Z, 0, ,) € Pp.

Proof. O

Theorem 295. Let B> 0, z,,...,zy € X and o € {+1}V, and let ), (2) := + >, 0,¢.(x;). Then
SUP ~ >, 0.F,(x;) = Bsup,__, |1h,(2)| (and the same with | > o, F,(x,)| on the left).

Proof. Upper bound: ‘|(1/N) >~ o_k F_p(x_k)| =|[ a{_o(z)dp| < C [ |a|dp <BC".
Lower bound: ‘p = 8_(B s, z)* with ‘s = sign {_o(z)* gives the value ‘B |[{_o(z)]". O

Theorem 296. Let B > 0 and x4,...,xx € X. Then, in the one-sided convention of the paper,
Ry(Hp) = BRN(®) for H g = {F, : p € Pg}, where Ry (®) = E,sup_ [¢,(2)] is featur-
eRademacher".

Proof. O

Theorem 297. Under the hypotheses of Lemma 296, also in the absolute convention R N(Hp) =
BRy (D).

Proof. O

Theorem 298. Ifforevery z € Z thereis 2/ € Z with ¢, = —p, (fortanh, 2z’ = —z), then §§N(<I>)
coincides with the one-sided complexity  , sup + >, 0ip.(x;) of the paper.

Proof. O
Theorem 299. 7Y% is countable.
Proof. O

Theorem 300. Let Z be first countable, Z, C Z dense, ¢ continuousin z, Q € P(X x R), B > 0
and zy,...,x € X. Forevery p € Pgande > 0 thereis p’ € Py with [ |F, — F,|dQ < ¢ and
|, (z) — F,/ (z,)| < e forall k. The proof samples M particles from p reweighted by |a| (Monte Carlo,
expected squared error < B? /M), then moves the atoms into Z, and the amplitude into Q.

Proof. ‘B’ =0" ‘F_p = 0°, approximated by ‘5_(0, zy)".
‘B’ > 0‘: Monte Carlo approximation, then atoms to ‘Z,‘ and amplitude to ‘Q". O

Theorem 301. Let Z be separable and first countable, ¢ continuous in z, Q € P(X x R) with |Y| <
Yiax @8, B> 0, Y > 0and N > 1. Then EG < 2B(B + Y,,) Ry (P).

Proof. O

30



Theorem 302. Let Z be separable and first countable, ¢ continuousin z, Q € P(X x R) with |Y] <
Yiax @8, B>0,Y, .. >0and N > 1. Let G := S |Ln(p) — L(p)|. Then forevery 6 € (0,1),

m

with probability at least 1 — § over the i.i.d. sample of size N from @),

(B+Y,

G BB () 4 Qmax)QW,

The proof is symmetrization (one-sided), the contraction principle, the identity R N(Hp) = BR N (D),
McDiarmid’s inequality for G with bounded differences (B + Y,,,,)?/(2N) and a union bound; the
suprema over P ; are computed on the countable dense subclass P%.

Proof. Step 4 (concentration): McDiarmid for a measurable function with bounded differences ‘b/N,
at the level ‘¢’, gives failure probability ‘5/2°.

The union bound and the complement.

The good event: all labels in ‘{—Ymax, Ymax]‘, where ‘G = G". O

Theorem 303. Assume (A3) and an i.i.d. sample of size N > 1 (only the z; are used). For every
05 € (0,1), with probability at least 1 — 65, Hy < 2R5(¥) + 4/210g(2/05)/N. (FoML'’s bound has
the sharper radius y/21og(1/d,)/ N, obtained without a union bound.)

Proof. O

Theorem 304. For |e| < E, and every sample (z,,y,)N |, Ry ({p.e}) < E, Ry (®), by the contrac-
tion lemma with the E-Lipschitz maps t  e(x;, y; )t.

Proof. O

Theorem 305. Assume (A3), an i.i.d. sample of size N > 1 and a measurable e: X' x R — R with
le] < E,, E, > 0 (in the paper e(xz,y) = y — f(x)). Forevery §; € (0, 1), with probability at least
1-96,, Gy <2E,Ry(P)+ E,\/2l0g(2/0,)/N.

Proof. O

Theorem 306. Under the hypotheses of Lemma 305, with e(x,y) = y — f(x) for a measurable f and
Y — f(X)| < E, almost surely, the same bound holds for Gy = sup_|(Py — P)(¢.e)|.

Proof. On the samples with ‘|e(x_k, y_k)| < E_** the two deviations agree. O

5.3 Complexity of the class of tanh ridge functions

Theorem 307. For every m, HC(m, 8, 6) holds: for every N, every x,, ...,z € R™ and every 0 <
e <1/2 N(e, @, Ly(Py)) < (8/)%m 1.

Proof. Lemma 825 with d = m + 1 (Lemma 110) and |¢,| < 1. O

Theorem 308. Forevery m, N and every ., ...,z € R™, Ry (®) < 18y/(m + 1)log(N + 1)/N.

Proof. Lemma 815 with d = m + 1 (Lemma 110); for N = 0 both sides vanish. Compared with
Lemma 314(b), the factor y/log(N + 1) comes from the factor NV in the Sauer-Shelah covering bound,
which Haussler’s bound removes. O

Theorem 309. Assume(A3). Forevery N andeveryz,., ..., x y, Ry (¥) < 26+/(m + 1) log(N + 1)/N.
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Proof. Lemma 816 with F' = G = ® and d = m + 1 (Lemma 110); for N = 0 both sides vanish. [

Theorem 310. Assume HC(m, A, c) for all m, with 2A > 1, ¢ > 1. Then for every m, N and
Ty, € R™ Ry(®) < (1 + 64/log(24) + 12v2)y/c\/(m + 1)/N, i.e. Lemma 314(b) with
Cp = (14 64/log(24) + 12v/2)/c.

Proof. Lemma 818 with d = ¢(m + 1); for N = 0 both sides vanish. O

Theorem 311. Assume HC(m A, c) for all m, with 2A > 1, ¢ > 1. Then for every m, N and

Ty, 2y € R™ Ry (0) < (1+ 64/log(dA) + 12v/2)v2¢ /(m + 1)

Proof. Lemma 813 gives NV (g, ¥, Ly (Py)) < N(g/2,®, Lo(Py))? < (2A/s)20(m“>, and Lemma 818
applies with d = 2¢(m + 1). O

Theorem 312. Foreverym, N andz,, ...,z € R™ Ry (®) < (1464/log 16+12v/2)v/6 \/(m + 1

numerically the constant is at most 69.

Proof. Lemma 310 with Lemma 307. O

Theorem 313. Foreverym, N and,, ...,z € R™, Ry (V) < (1464/log32+12v2)V12 \/(m + 1)/N;

numerically the constant is at most 101.
Proof. Lemma 311 with Lemma 307. O

Theorem 314. (a) The pseudo-dimension of the class ® = {p, : z € Z} of tanh ridge functions
x + tanh(w'z —b), (w,b) € R™ x R, is at most m + 1. (b) There is an absolute constant C}, such

that for every N and every x,, ..., x5, Ry (®) < Cpr/(m + 1)/ N, hence Ry (®) < Cpr/(m + 1)/N.
A crude evaluation through Haussler’s covermg bound and Dudley’s entropy lntegral gives Cp < 43.

Proof. O

Theorem 315. Assume (A3). For every N and every z,, ...,z y, Rn(¥) < Cp\/(m + 1)/N with
C} := min{4C}, 63}.

Proof. O
Theorem 316. Under Lemma 314, for every ) € P(X x R), Ry (®) < Cpy/(m +1)/N
Proof. O
Theorem 317. Under Lemma 315, for every Q € P(X x R), Ry(¥) < Cpy/(m +1)/N.
Proof. O

Theorem 318. Forevery Q € P(X x R), Ry (®) < 18y/(m + 1)log(N + 1)/N.
Proof. O

Theorem 319. Forevery Q € P(X x R), Ry (¥) < 261/(m + 1)log(N +1)/N.
Proof. O

32



5.4 The main estimate, the sample-size threshold and the con-
vergence of the learned quantities

Theorem 320. p* € Py (Lemma ??(c)).

Proof. O

Theorem 321. If |y;| < Y, foralli then piy(w) € P 5 (Lemma ??(c)).

Proof. O

Theorem 322. Under the hypotheses of Lemma 302, for every 6 € (0,1), P(Es) > 1 —6.

Proof. O

Theorem 323. On a sample with |y;| < Yo 7 (pi) — 7 (p") = [L(ply) — Ln(p3)] + [T (0) —
Fnp")] + [Ly(p*) — L(p")] < G, + G_, since the middle term is < 0 by minimality of p}; and
Py, p* € Pp

Proof. O

Theorem 324. On a samplewith |y;| < Ypa 7 x(p*) — Ty (ply) = [Ly(p") — L(p")] + [F(p") —

~

F ()] + [Llpy) — Ly(pi)] < G, + G_, since the middle term is < 0 by minimality of p*.
Proof. O

Theorem 325. On the event E5 of Lemma 302,

UEy,, — Fylap,, + B KL(px10") = Flpi) — F(p) <G, + G <26 < Ay(6).
Proof. O
Theorem 326. On the event Ej,
Proof. O
Theorem 327. On the event Eg, B KL(pl[p*) < An(3) and B KL(p*|pyy) < Ax(9).
Proof. O

Theorem 328. Assume the setting of Section ?? (|Y| < Y. i.i.d. sample, \, 8 > 0, Z separable
and first countable, ¢ continuous in z) and Lemma ?? for L and L. Let B be as in (82) and A ()
as in (83). For every 6 € (0,1), with probability at least 1 — § over the sample, the following hold
simultaneously:

Proof. O

Theorem 329. IfNRy(®) < Cpy/(m + 1)/N (Lemma 314) then A (5) < D(5)/v/'N with D(5) as
in (84).

Proof. O
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Theorem 330. In the setting of Theorem 328, lete > 0,6 € (0,1), R < Cpy/(m+1)/N
and Ny (e, ) asin (85). If N > N,(e, ) then on Ejs (probability at least 1 — 6) KL( pNHp ) < eand

KL(p*|py) <e.
Proof. O
Theorem 331. On Ej, 7 (piy) — F (p*) < Ay(8) and 7 y(p*) — F (i) < An(6).
Proof. O
Theorem 332. On Ej, ||Fp§v - I, ||L2<PX) < /2Ay(8) and HFpﬁvlw — Fp*\$||N < V2A 5 (9).
Proof. O
Theorem 333. On Ej, |L(pi) — L(p")| = [L(pi) — L(p")| < An(6) + Vg v/ 28 5 (6).
Proof. Step 1: the expansion ‘L(p_N"*) — L(p*) = (F_p_N"* — F_p*, r*)) + V2|F_p_N"* —
Step 2: ‘|r*| < Ymax’, ‘|d|| < \/(ZA) and V2|d|2 < A" O
Theorem 334. (S™r*)(2) = Elp,(X)(F,.(X) — f(X))] = Elp,(X)(F,(X) — Y)] by the tower
property.

Proof. Step 1: ‘S*r* (z) = [ ¢_z(x) (F_p*(x) — f(x)) P_X(dx) = [ ¢_z(x) (F_p*(x) — f(x)) Q(dx dy)".
Step 2: split ‘F_p* — f = (F_p* —y) + (y — ); the second term integrates to ‘0°. O

Theorem 335. On Ej ), (in particular on Ep), with Ay := An(6/2), [py — plrv < VAN/(28)

and vy — v¥|rv < AN/ (28) (Pinsker’s inequality and (??); the total variation of the marginals is
at most that of the joint laws).

Proof. O

Theorem 336. On a sample with |y,;| < Y, forevery z € Z,
gn(2) —g'( Nzwz D(Epy ()~ Fp(e) — [ 3 exleeln i) — Ele. (Xe(X. V)]

hence gy (2) — g*(2)] < |F,,

Proof. Step 1: the first term is ‘((®_z, d))_N*, bounded by ‘|®_z|_N |d|_N < |d||_N*.
Step 2: the second term is bounded by the deviation ‘G_N* of the residual class.
Step 3: combine through the decomposition and the tower property. O

Theorem 337. On Ej, with Ay := Ay (5/2) and Ay as in (86),
1 4
sup|(RY, ) (2) — (Ra, D) < 5 [V2AN + 84,
ze
where RY . y = —gn/\ = m,, (vy-a.e)and R, ,.f = —g*/\ = m,. (v*-a.e.).
Proof. ‘g N=—-ARMNy‘and ‘g* = —A R f* (‘lem:empirical-gibbs‘(a), ‘thm:m1‘(c)). O

(Vo + 8] + A\/gfg
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SEpIFon ()~ Fp @l <



Proof. Step 1: ‘F_p_N"* =S_v_N"(—g_N/A) and ‘F_p* = S_v¥(—g*/A)".
Step 2: the pointwise bounds ‘|(—g_N/A — (—g*/1)) ¢_z| < S*and ‘|(—g*/A) ¢_z| < Ymax/A".
Step 3: split F_p_ N —F_p*= [ (m_N —m*) ¢ dv_N + [ [ m* ¢ dv_N — [ m* ¢ dv*]". O

Theorem 339. Under the hypotheses of Theorem 328, P(Ej) > 1 — 6: apply Theorem 328 with 6/2
and Lemma 305 with § /2 to the class {¢,e}, |p.e| < B+ Y,,,,, and take the intersection.

max’

Proof. O

Theorem 340. On Ej,

* * < ’ max
Mo — Ty < 55 [ V2B + Af] + =5 [S8,
with [y = 311](2).

Proof. Step 1: TIp_ N =m_Nv_N"**and ‘TIp* = m* v* with ‘m_N = —g N/A‘, ‘m* = —g*/A".

Step 2: for every measurable ‘A’, ‘TIp_N"* — IIp*)(A) — (IIp_N™* — IIp*)(A°) = [ 0_A (m_N —
m*) dv_N™ + [ [ o_A m* dv_N** — [ 6_A m* dv*]".

Step 3: the two terms are bounded by ‘S = sup|m_N — m*|* and 2(Ymax/A) [[v_N* —v¥|_TV*. O

Theorem 341. By Lemma 314, Ay, < D(5/2)/V'N and Ay, < D'(5)/V/N, so that on E}, ||p} —

Pl < \/ D(8/2)/(28vV'N)andsup_ |(RY,, y)(2)—(Ry . f)(2)| < 5[{/2D(8/2)/VN+D'(8)/V'N|:
for fixed (X, 3,8, m, Yy ), (b) is O(N~V/4) and (@), (¢), (d) are O(3/2N—1/4),

Proof. O

Theorem 342. In the setting of Theorem 328 let 6 € (0,1), Ay := An(5/2) and A’y as in (86).
With probability at least 1 — ¢ the following hold simultaneously: () |p — p* v < v/ Ax/(26) and

[viy = vl < VAN/@B): (8 sup, lgn(2) — g"(2)| < /2By + A, ie. sup, [(RY,, y)(2) —
(R, D)(2)] < V2B 5 + AL @ sup, |F . (2) — F, (0)] < §[V28y + Ay] + Zp /AL /(28);
(@ [py — Ty < S5[V28y + Af] + T3 /A /(25).

Proof. O

5.5 Improved rate via linearization

Theorem 343. Form; € L'(v,), myv, — mqyvy = 1 (v, + vy) With ¢ the mixed density.

Proof. O
Theorem 344. For gm; € L*(v;), [ mygdv, — [ mygdy, = [gd(vy + vy).

Proof. O
Theorem 345. For bounded measurable m,, my, |m v, —mgyvs|(a) = [ [¢]d(vy + vy).

Proof. O

Theorem 346. Forbounded measurable m,, m, with |my| < M, [ || d(v,+v,) < [ |mq—my| dvy+
2M|vy = Vypys from [wymy — wymy| < wylmy —my| + [wy — wyl[myl.
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Proof. Step 1: the pointwise bound ‘|w; m; — w, m,| < w; |m; — m,| + M [w; — w,|.
Step 2: integrate, using ‘[ w; g du = [ g dv;" and ‘lem:rn-deriv-sub-tv". O

Theorem 347. If | f|12(p, ) < Yinax thensup, [m*(2)| < M, = Yy /A

Proof. O
Theorem 348. F,.(z) = [ m*(2)p.(x)v*(dz) for every x.

Proof. O
Theorem 349. If|Y| <Y, . as and|f|| < Yo then|e| < E, =M, +Y, . a
Proof. O
Theorem 350. If |y;| < Y,,,, forallithensup_|my(2)] < Yiyue/\

Proof. O
Theorem 351. F,. (z) = [, my(2)p.(x) vy (dz) forevery x.

Proof. O

Theorem 352. Ilp} = my vjy.

Proof. O
Theorem 353. = J,p.(2)ls(d2) = [ ¥(» ) pu(dz) for every x, where Ils = myviy —
mv* = pu.

Proof. O

Theorem 354. D_ = |IIc|(Z) = [, |¢|dp.
Proof. -

Theorem 355. Let ¥ = {U, : i € I} be a class of measurable functions on JL” >< IR bounded by one,
% a finite measure on I, ¢ € L' (k) and e € L*(P). Then, with H(p) := [ c( k(di), (Py —

P))[He] = J; cli) (Py—P)(¥;e) k(di) (Fubini, since [[ |c(i)¥,(p)e(p )I %(dl) (dp S HC||L1 (x) ||€HL1 P) <

Proof. Step 1: the empirical mean, a finite sum.
Step 2: the population mean, by Fubini. O

Theorem 356.  Under the hypotheses of Lemma 355, |(Py — P)[He]| < |c[p1(,) sup,; [(Py —
P)(;e)l-

Proof. O

Theorem 357. Under the assumptions of Theorem 328, for every realization of the sample, determin-
istically,

PR + 5IRlZs oy + B Ky = =(Py = Pt —Lp, | = —(Px — P)lhe] = 3(Py — P)[h?].

(Add the two quadratic expansions of Lemma ??; the entropy terms [ KL(-|u) cancel, and ¢, , —
PN
g, =he+ $h%)
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Proof. Step 1: ‘|F_p_N"* — F_p*|2_L2(P_X) = [ h2dP_X".
Step 2: the risks are the means of the square loss.
Step 3: add the two expansions; the entropy terms cancel. O

Theorem 358. 1[h|% + 3|A|? + BK y = —(Py — P)lhe] — (Py — P)[h?], since lp, . — Ly, =
PN P

%(h +e)? — %62 = he + %hz.

Proof. O

3R + BKL(py|p*) < —(Py — P)[he + $h?] (drop one of the two nonnegative expansions).
Proof. O

Theorem 359. For each direction separately, 5|h|% + BKL(p*|py) < —(Py — P)[he + $h*] and

Theorem 360. (Py — P)[he] = [ [(Py — P)(¢.e)]1ls(dz) and |(Py — P)[he]| < DG y.
Proof.

Theorem 361. (Py — P)[1%] = [f,,[(Py — P)(¢.0.)] Tie(d2)IIs( d2') and |(Py — P)[h?]| <
D2H .

Proof. Step 1: ‘h(x? = [ D(2)(2)) ¢_z(x)p_z(x) u(d2)u(dz)"

Step 2: *f [H(2)p(z)] p(dz)u(dz) = D_gZ. 0
Theorem 362. Deterministically, 3|k + $|h[|? + BX y < D.Gy + £ D?Hy,.
Proof. O

Theorem 363. ¢"(2) = (¢..F, — f)r2p,) = Elp.(X)(F,.(X) = Y)] = P(p.e), since E[(Y —
f(X))e.(X)] = 0.

Proof. Step 1: replace the ‘L?‘ residual by ‘F_p* — f*.
Step 2: pull back to ‘Q°.
Step 3: the tower property ‘ [ (y — f(x)) ¢_z(x) dQ = 0". O

Theorem 364. Forevery z, \(my —m*)(z) = —Py(p,h) — (Py — P)(p.e).

Proof. O
Theorem 365. sup_ |my (=) —m*(2)| < ([l + Gy, because | Py (.h)] < [0, ] x|kl < [l x-
Proof. O

Theorem 366. Under Theorem ??(c) and Lemma ??(a), if sup_ |m*(z)| < M, then, deterministically,
D_ < s [|hlly + Gn] + My /X  (Lemma 367 with M, replaced by M,; the same proof).
Proof. Step1: ‘D_g= [ [$p|du < [ |m_N — m*| dv_N"* + M_* - 2|[y_N"* — v*|_TV".

Step 2: [ |m_N — m*| dv_N"* < sup [m_N — m*| < C".
Step 3: 2 v_NA* —v*|_TV < 2|p_ N — p*|_ TV < KX _N-. O

v

Theorem 367. Under Theorem ??(c), (d) and Lemma ??(a), deterministically,

1
D, = [py, —Tp'|(2) < sup iy — | + M, vy = '|(2) < £ [Ihly + Gl + M.y/ Ty,

(Mpyy — p* = (my — m*)vy + m*(vy — v*), subadditivity of the total variation, vy, — v*|(Z) =
2wy = vl < 2lpN — p*llrv < /K by Lemma 852.)
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Proof. O

Theorem 368. Letu,up,v,D,G, H > 0andc > 1with*H < §, 2u® + Jud + 02 < DG+ iD*H
and D < c(u+v+G) Thenu+v < 9¢G, up < 6¢Gand D < 10¢%G. (Wlths = utv: 357 < U407,
D?H < {(s+ G)? hence s* < 8¢Gs + 9c¢G* and 5 < 9¢G.)

Proof. Step 1: ‘DG < c(s + G)G* and ‘D2H < (1/8)(s + G)?".
Step 2: the quadratic inequality ‘s? < 8c¢Gs + 9¢G2".
Step 3: solve the quadratic inequality.
‘u_P2 < 2DG + D2H < 20c2G2 + (1/8)(10cG)? < 36c2G2-. O

Theorem 369. AssumethesettingofTheorem370andsup |m*(2)| < My; putey (M) == max{1,1/\, M, /v/B}.
For any upper bounds 7' > Gy, n” > Hy with ¢, (M;)*n” < é Ihly + V/BX x < 9cy (M7,
|1 < 6y (M), Dg < 10¢, (M), K < B9G0E 02 and |3y — ¥y < 24800 (the proof of
Theorem 370 with Lemma 366).

Proof. Step 1: the self-bounding inequality with ‘u_P2 = |h|?‘ and ‘v2 = X _N".
Step 2: ‘lem:coefficient-tv‘ in the form ‘D < c(u + v + G)".
Step 3: the arithmetic closure.
(b): “K_N=vZ/B<(9cn)?/B".
(b): ‘| N * — p*|_TV < 1/2\/JC_N = V/(Z\/

Theorem 370. Assume the setting of Theorem 328. Put ¢, := max{1,1/\, M,/\/B} and Ng(9) :=
[64ciD” (6)?] (& cin% < 3). Let§ € (0,1) and N > Np(). On the event Q; the following hold
simultaneously.

@ Ay + V/BX N < 9einns Ml p2py) < 6cymy, Dy < 10¢3my.

B O

9cy s

81
(b)) Xy < Cl N> and [y — p*lry < 2va'IN:

(In Lean the statement is deterministic: for any upper bounds ' > G, n” > Hy with c3n” < %.)
Proof. O

Theorem 371 Assume the setting of Theorem 369. For any upper boundsn’ > Gy, n” > Hy with

” 9¢q (M. 10¢, (M ’
ey (M) < & v ="l [V —v'lov < 25550, sup, [my — m\sA[nhuNw e M)y

sup_ |h| < D, < 10c,(M,)?n" and [pyy — p* |y = 5D, < 5ey(M;)?n

Proof. (¢): ‘[h(x)| = [ ¥ ¢_z(x) du| < [ [$] du=D_g. O

Theorem 372. Assume the setting of Theorem 370, § € (0,1) and N > Ng(6). On the event Q)5 the
following hold simultaneously.

@ oy —p*llrv < 29\0}771\1 and vy, — vy < 29\%773\,
() sup_ [(RY,; 9)(2) = (B )(2)] = sup, [y () —m* (2)| < X([hly + ] < S5y

(c) sup, |F, (z) = F,.(z)] < D, < 10ciny, since |h(z)| = | [ ¢.(z)dIIs| < D..

@ [Tpy —p* |y = 3D, < 5ciny.
Proof. O
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Theorem 373. Fix ¢ € (0,1) and apply Lemma 305 with 6; = §/2 and Lemma 303 with 6, = §/2:
withnyy = 2ERyN(®)+E,\/21og(4/0)/N andny; = 28,5 (V)++/210og(4/6)/N,P(25) = P{Gy <
Nyt H{Hy <ny )>1—

Proof. Step 1: lem:GN°* at level ‘6/2 for ‘e = F_p* —y*.

Step 2: ‘lem:HN" at level ‘§/2°.

Step 3: ‘A’ is null-measurable (a.e. equal to the measurable event of the clipped residual) and ‘B
is measurable.

Step 4: the union bound. O

Theorem 374. If|e| < E Q-a.s. for some E > 0, then with ny, = 2ERN(®) + E+/2log(4/0)/N
and ny = 2Ry (V) 4 1/210g(4/0) /N, P{Gy < iy} N{Hy < ny}) = 1 — 6 (Lemmas 305 and 303
at level § /2 each, and a union bound).

Proof. Step 1: lem:GN° at level ‘6/2° for ‘e = F_p* — y".

Step 2: lem:HN" at level ‘§/2°.

Step 3: ‘A’ is null-measurable (a.e. equal to the measurable event of the clipped residual) and ‘B
is measurable.

Step 4: the union bound. O
Theorem 375. If|Y| < Y, as. and sup_|m*(z)| < M, then |e| < M; + Y as. (|F,| =
|S,-m*| < My).

Proof. O

Theorem 376. Ifsup_|m*(z)| < My, thenwith E, := M, + Yy, inny, P(Qs) > 1—6 (Lemma 374
with Lemma 375).

Proof. O

Theorem 377. If Ry (®) < Cpy/(m + 1)/N thenn)y < E,D'(§)/VN, D'(§) = 2Cpv/m +1 +
21log(4/9).

Proof. O

Theorem 378. If Ry (V) < Cpy/(m + 1)/N then 0¥, < D”(5)/V'N, D"(5) = 2Cpv/m + 1 +
V2log(4/9).

Proof. O

Theorem 379. Forc > 0 and D” > 0, N > 64¢*D"? implies c>D” /\/N < %; this is the condition
N > Ng(8) = [64ciD”(8)?] of Theorem 370.

Proof. O

Theorem 380. Assume the setting of Theorem 369, the complexity bounds R 5 (®) < Cp+/(m + 1)/N,
Ry (V) < Cp/(m+1)/N and N > 64c,(M,)* D" (5)2. On the event Q; (with E := M, + Yy, in
My with D' (8) = 2Cpv/m + T+ /210g(4/0): Ky < 12 bgeEDO0 ] 1] < BB 200,

BN VN
11lc, (M,)ED’($)

x * % 12¢, (M, )ED’(§ 12¢,(M,)?ED’ (6
lon—p"lv < =5 55— sup,, [my—m*| < %andsupx [Fpe—F | < %

Proof. Step 1: the threshold ‘N > N_B(8)* gives ‘c_121"_N < 1/8".
Step 2: ‘’_N < E_*D’(8)/

Step 3: the constants ‘9, 6, 10, 81° of ‘thm:m3-double-prime are rounded to ‘11, 11, 12,121°. O
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Theorem 381. On Q(;,fogrlzf /2 J;/'B((S) and under Lemmas 314 and 3,15.' with D’ (§) = 2Cpv/m —|—/1+
V2I0g(4]0), Ky < BAELCE — O(1/N), by, 1] < BEBLCL o — prfy < LGB0
sup, [my —m*| < 126, 5.D'0) gpg sup, |F,. — F,.| < %\/"ND/@, all of order N~'/2 with no loga-

AN
rithm.

Proof. O
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Chapter 6

Regularization limits and the
geometry of the limit

Section 6 of the paper: representability, the canonical (minimum-norm) ridgelet transform, the
energy comparison with a competitor built on the reference measure (thm:m4-energy), the con-
vergence of the conditional mean amplitude to the canonical ridgelet transform as A — 0 and
k = A/B — 0, the order of the limits, and the reduction of the zero-temperature problem to total-
variation regularization.

6.1 Reference measure and representability

Theorem 382. Assume (R). uf) := Piers, )' U IS a representer and does not depend on the choice of
Yo

the representer uy: for every representer u, of f, S, f = Plrer Sy )t U0 and S, ug = f. (Two representers

differ by an element of ker S,, , so their projections onto (ker S,, )+ coincide; and u, — ug) €EkerS, .)

Proof. The chosen representer and ‘u,‘ have the same synthesis ‘f*. O

Theorem 383. Assume (R). For every representer u of f, Hu||%2(l/0) = ||U2;||2L2( )+ u— ué“%z(%). In

Yo
particular HugH < ||u|l, with equality if and only if u = ug). (u— ug €kerS, L ug, and Pythagoras.)
Proof. Pythagoras for the orthogonal projections onto ‘K = (ker S)** and ‘K¢, where the projection
onto ‘K+‘is ‘u — P_Ku". O
Theorem 384. Assume (R). ug is the unique representer in (ker SDO)L =ranS; ,andifh € L3(vy)
satisfies S, h = fand [|h| 2, < Hu(T)HLz(,,O) then h = ug. (A representer h € (ker Sl,o)l satisfies
h—u) € ker S, N(ker S, )= = {0}; for the last claim, Pythagoras with |h||* < lud |2 forces | h—ub| =
0.)

Proof. O

6.2 Energy comparison

Theorem 385. Forv € P(Z)andu € L*(v) measurable, [ a*dp,, ,, = |ul?z2(,,+0° (EX? = p®+0?
for X ~ N(u,c?), integrated against v).
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Proof. O
Theorem 386. Forv € P(Z) andu € L*(v) measurable, [ |a|dp, ,, < |ulpi,) +0/2/7 < o0
(E)1X| < |p| + ov/2/7 for X ~ N (p,0%), andu € L*(v) C L'(v)).

Proof. Step 1: the inner Gaussian moment bound ‘[ |a| N (u(z), 02)(da) < |u(z)| + o \/(2/7r)‘.

Step 2: integrate against “v°. O
Theorem387. Forv € P(Z)andu € L*(v) measurable, F, (x) = [ [[ aN(u(z),0%)(da)]e,(z)v(dz) =
(S, u)(x) for every x (Fubini, since [ |a|dp, ,, < 00).

Proof. O
Theorem 388. Forv € P(Z)and u € L*(v) (measurable), [ |aldp, ,, < |uli,) +0y/2/m < oo,
Ja*dp, = uliz,, +0% F,  =Suandllp,, =uv. (For X ~ N(u,0?), E[X] < |ul +o0/2/m

and EX? = u? + o?; apply this with . = u(z) and integrate against v; Fubini gives F, (z) =
LU aN(u(z),0%)(da)]e.(x)v(dz) = (S,u)(x) and likewiseIIp, , = uv.)

Proof. Step 1: transport the set integral through the disintegration.
Step 2: the inner integral is the Gaussian mean ‘u(z)". O

Theorem 389. Ifv < v andu,u’ aremeasurablethenp, , < p,, , with d‘:)pj’“/ (a,2) = & (2) exp ( _<“_”(2))22:2<“_“/<Z>)2 )
8 (2) exp (k(alu— u')(2) = $(u? —w?)(2)).

Proof. The exponent in the Gaussian shift identity, with ‘o2 = /A"
For fixed ‘z‘, the Gaussian shift identity ‘E(-, z) N (u’(z), 62) = N (u(z), 02)". O

Theorem 390. Ifv,v € P(Z), u € L*(v), v’ measurable, v < v/, KL(v|V') < coand v’ € L*(v),
thenKL(p, ,[lp, .+) < oo and

K
KL(py,ulor ) = KLV) + Slu = [,

(By Lemma 389, log dc:)pf*“/ =log % (2) + k(a(u —u’) — §(u? — u'?)), which is p,, ,-integrable since
la(u — )] < $(a® + (u—u')?) with [a*dp,,, < oo;and [aN(u,0?)(da) = u gives [ k(u(u —
u)— 1w —u'?)dv = §lu— u’H%Q(V).)
Proof. Step 1: the log-likelihood ratio, ‘p‘-a.e. (where ‘dv/dv’ € (0, o0)*).

Step 2: integrability of the log-likelihood ratio.

Step 3: integrate, using Fubini through the disintegration for the term ‘a (u — u’)". O

Theorem 391. Ifv € P(Z), u € L*(v) measurable, v < vy and KL(v|v,) < oo, then p,, ,, € D and

A K
KL(p, ., |10) = KL(v|v) + ﬁHUH%z(V) =KL(v|ry) + §HUHiz(y>-

(Lemma 390 withv" = v, and v’ = 0, since p; = p,,, o-)

Proof. O
Theorem 392. Let vy,v € P(Z) with v = wy, for a measurable w with e ¢ < w < e°. Then
KL(v|vy) < oo and KL(v,|lv) < oo, since log f—lj; = logw and log % = —log w are bounded by |c|.
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Proof. ‘log w is bounded by ‘|c|‘, hence integrable for every probability measure.
‘lIr v vy = log w* and ‘llr vy v = —log w*. O

Theorem 393. Let u, € L?(v,) be a representer of f and p := Pug = Py, Thenp € D, Fy =
Sugto = F L(7) = 0. KL(Fl1us) = Z5luols ) and F(3) = 3Nt (Lemma 391 with v = v,

Proof. Step 1: ‘KL(P|u_U) = (x/2)|ug|?".
Step 2: ‘F_p = S_vy ug =1, so ‘L(p) = 0". O

Theorem 394. p* = p,. ... withm* = —s*/\ and variance (3/\ (Theorem 225).

Proof. O
Theorem 395. KL(v*||v,) < oo and KL(v,|v*) < oo: by (??), log %; is bounded.

Proof. O

Theorem 396. Chain rule.
« * A *|2
KL(p*|lper) = KL(v" ) + %Hm 17200
and consequently, under (R),
Im*122,.) + TKL(V lvo) + XL(P ) < ”ug)”%?(uo)‘

(By Theorem 225, p* = p,,. ,,..; V* < vy withKL(v*|1y) < oo andm* € L?(v*), so Lemma 391 applies;
then substitute into Theorem 397.)

Proof. O
Theorem 397. Energy comparison. Assume (A1), (A3), (A4), (A5), f € L?(Py) and (R). Let u, be

any representer of f and ug the minimum-norm representer. Then

A A
L(p") + B KL ) < Sluolag, s hence Lo+ B KL L) < SHuflZag,

(Minimality of p* against the competitor ﬁuo, Lemma 393.)
Proof. O
Theorem 398. Under the hypotheses of Theorem 397,

73 py) = 2007) < M, KL(o™lag) < SHefl?, KL ) < 5 >

(The first two from L(p*) = $|r*|?>, KL > 0 and L > 0; the third from the chain rule of Theorem 396
and |m*|? > 0.)

Proof. O
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Theorem 399. Pythagorean identity. For every representer v,

4 2
||UOH%2(V0) - XL(p*) + ||m*||2L2(l,*) + HUO — m*H%Q(VO) + E KL(I/*”I/O> + KL(VOHZ/*) .
(Apply the strong-convexity identity of Lemma 212 to the competitor p = p,, : F (p) —F (p*) = L(p*) +
ﬁKL(ﬁHp*), s0 3|luo> = 2L(p*) + 5KL.(/)*||MU2 + BKL(p|lp*); then Theorem 3962 and Lemma 390
withv = vy, u = vy, v/ = v, u’ = m* give KL(p|p*) = KL(vy|v*) + §ug — m*||L2(VO>; multiply by
2/X)
Proof. Step 1: the strong-convexity identity at the competitor.

Step 2: ‘KL(p*||u_U)* by the chain rule and ‘KL(p|p*)* by the pair formula.
Step 3: rearrange and multiply by 2/A". O

Theorem 400. Since every term on the right-hand side of the Pythagorean identity is nonnegative,

with uy = u]),

* >\ % * % K
Lip") < Zlubl?, ub—m* 20y < ludl, KL w) + KL(vplv*) < = Jud 2.
2
Proof. O

Theorem 401. Normalizing constant. With Z,, Z, asin Theorem 226 and 7 =17, /Zy= [ e"m/2 dy,,

v Z Z, Z, K
ar iexp( *2), KL(v*|vy) = *Hm 122 —log 7, 157 < eXp(§”u‘§”2)'

) = Z° exp(Am*Q ); integrating the logarithm

(By Theorem 226 and s* = —Am*, g;’* = ZO exp(Q/\ﬁ
against v* gives the formula for KL(v HVo Z > 1 since the lntegrand is > 1; and KL > 0 with Theo-
rem 396 give log Z < % |m* 17200 < 2||u0||2.

Proof. The exponent identity ‘x m*2/2 = s*2/(2A8) = —W
Step 1: the density.
Step 2: the relative entropy, by the Gibbs variational identity with ‘8 =1°.
Step 3: the bounds on ‘Z°. O

6.3 Convergence to the canonical ridgelet transform

Theorem 402. Forevery g: Z — R, [ g dv* = [wg dy, since v* = w,.

Proof. O
Theorem 403. w™' = Zexp(—§m™?) < Z, 50 [m*[35, ) = [mZwtdv* < Z|m* |3, ., <
exp (5 [ug|®) g

Proof. Step 1: ‘m2 < Z w m2‘ pointwise, since ‘w > 1/Z°.
Step 2: ‘|m*||2_L2(v*) < |luyt||> (energy bound) and ‘Z < exp((x/2)|uyT[?)". O

Theorem 404. For T > 0 put ¢(T) = (1 — Z7') + (e*T*/2 — 1). Where |m*| < T one has
771 <w < erT*/2 hence |lw—1| < €(T); where|m*\ > T onehas|w—1| < w+1and |m*| < m*?/T.
Hence pointwise |m*||w — 1| < e(T)|m*| + = (w+ 1) and

* * 1 *
[l = 11y < D)y + 7 0 B+ )
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Proof. Step 1: the pointwise inequality.
Step 2: integrate.

Theorem 405. F,. = S,.m* = [m*p, wdy, and |p,| < 1give sup_ |F,.(z) — (S, m*)(z)| <
J Im*||w — 1] dvy,.
Proof. O

Theorem 406. Ilp* = m*v* = hyywith h := m*w = ddLV'Z* € L'(v,) (Theorem 229 and v* = wu,).
Proof. O

Theorem 407. Foru € L*(v), TIp* —uyy = (m*w —u)vy, 50 |Tp* —uvy e = [m*w —ul ) <
Jim*[lw =1 dvy + [m* — ) < [Im[Jw =1 dvy + [m* — w2,

Proof. Step 1: the total mass is the ‘L1(vy)* norm of the density ‘w m* — u’.
Step 2: ‘fwm —u| < |m| [w — 1| + |m — u*and ‘[ |m — u| dvy < [|m — uf_L2(vy)". O

Theorem 408. For g measurablewith g < C andu € L*(vy), |[ g dllp*— [ gu dyy| = | [ g (m*w—

u) dV0| < C|IIp* = uvg 5

Proof. O
Theorem 409. KL(v}|lv,) < 7"L||u$||2 — 0 (Theorem 398 with (), 5,,))-
Proof. O

Theorem 410. | v}, — vg|ry < /KL(v}v)/2 — 0O (Pinsker’s inequality, Lemma 850).

Proof. O
Theorem 411. v}, — vy forevery g € Cy(Z), | [ gdv;, — [ gdvy| < 2|g] v — vy — O

Proof. O

Theorem 412. — I22(py) < Aullubll?> = 0 (Theorem 398).

15,
Proof. O
Theorem 413. |m;,[.z2(,.) < Hu(T)HLQ(VO) for all n (Theorem 396).

Proof. O

Theorem 414. 1< 7= = 7, < exp(3|u(|?) — 1 (Theorem 401).

Proof. O

Theorem 415.  |m; |7z, | < Z,|m5)2. by S exp( g [lub|?)ud|>. In particular (m?,) is bounded
in L*(vy) and limsup,, [m} ||z, < HuOH.

Proof. O
Theorem 416. [, |m;,||w,, — 1|dvy — 0;in particular sup, |F,. (x) — (S, m;,)(z)| < [ |mj||w, —

1| dvy — 0. (Truncation, Lemma 404: forevery T > 0, [ |m||w, —1|dv, < €, (T \/ZnHuOH +2(1+
Z)|ud|? with e,,(T) — 0 and Z,, — 1, solimsup,, [ [mi||w, — 1| dvy < 2|ud|?/T;let T — oc.)
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Proof. Step 1: the truncation bound at level ‘T*, uniformly in ‘n‘.
Step 2: the bound tends to 2|uyt|2/T* as ‘n — oo
Step 3: conclude, choosing “T* with 2|uyt||2/T < €. O

Theorem 417. ||S,, mis—fl12(py) < S, mi—Fpe |+F, —fI < [ Imillw,—1] dvg++/ X, Jud]| —
0 (Lemma 416 and Theorem 412).

Proof. O

Theorem 418.  (m,, ul) 2, — |u|? (Fore > 0pick g € L2(Px) with |u} — S} g| < &,
possible since u(T) € (kerSl,O)L = ran S}, ; then (my,, S, g) = (S, my,.9) — (f.9) = (ug,SjjOg> by

n

Theorem 417, and the remaining terms are bounded by (sup,, [m},]|2(,,) + ||ug||)5 by Lemma 415.)

n

Proof. Step 1: ‘[m_n"*|_L2(v) < 2|uyt‘ eventually (‘Z_n < 4° eventually).
Step 2: ‘{(m_n"*, S* g)) — ((upt, S* g))* for every ‘g € LA(P)".

Step 3: the ‘e/3‘ argument. O
Theorem 419. m) — ug in L*(v), ie. |m} — u$|| L2(v,) — 0. (In Lean, without compactness:
i, — wfl® = i, > = 2(my,, ub) + Ju|> < Z,Jug]® — 2(m3,, ub) + Juf|> — 0 by Lemmas 415
and 418.)

Proof. O

Theorem 420. HHZZHL%VO) - HU(JSH’ ||m:LHL2(u:L) = [ug| and |‘€V0m;_f|‘L2(PX) — 0. (The first from
(@); for the second, Z,, ' |m; |72, ) < |my )7z, ) < lub|? with Z,, — 1; the third is (??).)

Proof. O

. . d
Theorem 421. With h, = miw, = ¢ € L'(vy), |k, — u$||L1(VD> = " — Yoolae = O:

Yo
Ih, — U$||L1(u0) < [|mi||lw, — 1| dyy + [m}, — ’U/g”L2<VO) — 0 by Lemma 416 and (a).
Proof. O

Theorem 422. For every bounded measurable g, | [ gdTlp:, — [ gul dvy| < gl ITpr — ulvplne —
0.

Proof. O

— N _ o f i . .
Theorem 423. v, = llp;, — 7o = ugvy, and [my | 2. — lluglpe,): the learned coefficient
measure converges to the canonical (minimum-norm) ridgelet transform with respect to the reference
measure v,. (In Lean this is deduced from Theorem 421: convergence in total mass implies weak con-
vergence.)

Proof. O
Theorem 424. L(p:) = o(),,), KL(v} |vy) + KL(vg|v)) = o(k,,) and ||u(T) —mpllr2,) — 0. (The
Pythagorean identity (??) with uy = u} and (\,,, 3,,) gives %L(p;)JrHugfmleQLQ( )+%[KL(V:;||1/0)+
KL(vy|vi)] = HU(T) 1% - Hm*n||2L2(V* ) = 0 by Theorem 420; the three terms on the left are nonnegative.)

Proof. The defect ‘|ugt|2 — |[m_n*||2_L2(v_n"*) — 0. O

Yo
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6.4 Order of the limits

Theorem 425. Assume (R). Let g be bounded measurable (e.g. ¢ € Cy(Z)) and ¢ > 0. There are
Ao = Aol(e,9) > 0and kg = kKy(e,g) > 0such that every (A, B) with A < A\jand k = A/B < K,
satisfies |fgdef\’5 — fgu:g dv,| < ¢ (the paper writes £/3). (If the claim were false, there would be

minimizers p;. for (A, B;,) with A, k;, < 1/(k + 1) violating the bound; this contradicts I1pj;, — u(T)zxo
(Theorem 422) along that schedule.)

Proof. Step 1: a violating minimizer for ‘Ay = xy = 1/(k+1)", for every ‘k".
Step 2: the violating family is a schedule in the sense of ‘def:m4-schedule’.
Step 3: along the schedule the integrals converge, contradicting the violation. O

Theorem 426. In the setting of Theorem 328 with the complexity bound R (®) < C/(m + 1)/N,
for fixed (X, B), a bounded measurable g, ¢ > 0 and 6 € (0, 1) thereis N, = N, (e, 6, g; A, B) such that
for N > N, with probability at least 1 — 6, | [ gdllpy — [ gdllp} 4| < 2[gloo Ty — o3 slry <
2|9l < € (the paper writes €/3). (Corollary 340 on the event Ej of Lemma 339, the rate Corol-

lary 341, and 5 — 0.)

Proof. Step 1: 2 |g|_co r_N < ¢ for ‘N > Ny".
Step 2: on the event ‘E’_§‘ (probability ‘> 1 — &), the three bounds. O

Theorem 427. Assume the setting of Theorem 328 ((A1)-(A5), i.i.d. sample, |Y| < Yy [ = E[Y |
X]), (R), the convention (??) and R (®) < Cy/(m+1)/N. Let g be bounded measurable, ¢ > 0
and 6 € (0,1). Then there are \y, q > 0 such that for every (A, 5) with A < Xy, A/ < K there is
N, = Ny(g,0,9; A\, B) such that for N > N, with probability at least 1 — 0,

% y 2e
| [ oatips, — [ gubave| < 2ol oy ~ Uty + | [ gatite: —ulon)| < 3
<e/3

<e/3

(Stages (1) and (2) of Theorem ?? and the triangle inequality; the third stage, the reachability €<Mq>,t: is
the subject of the dynamics.)

Proof. Stage (1) at ‘(A, p)".
Stage (2) at ‘(A, B)". O

6.5 The zero-temperature limit: total-variation regularization

Theorem 428. Ify = hv with h € L'(v) then (Sv)(z) = fZ h(z)p,(x)v(dz) = (S, h)(x) for every
.

Proof. O
Theorem 429. If~y = hvwith h € L*(v) then Sy = S, h.

Proof. O
Theorem 430. For every finite signed measure v on Z and every x € X, |(Svy)(x)| < |7Vl since
o2 (2)] < 1.

Proof. O

47



Theorem 431. For every finite signed measure v on Z the synthesis Sv: X — R is measurable.
Proof. O
Theorem 432. S(v; +,) = Sv;, + Sv, pointwise.

Proof. O

Theorem 433. S(cvy) = ¢ S~ pointwise, for c € R.

Proof. O
Theorem 434. If [ |a|dp < oo then F,(x) = [, ¢.(x)1lp(dz) = (S1lp)(x) forevery x € X.
Proof. O

Theorem 435. If [ |a|dp < oo then |TIp|,, < [ |aldp, so thatsup  |F,(z)| < [Tp|,c < [ |aldp.

Proof. Step 1: ‘TIp = (snd)_*(a* p) — (snd)_*(a— p),so
Step2: ‘[ atdp+ [a~dp= [ |a| dp". O

Theorem 436. If [ |a|dp < oo then L(p) = L(Ilp), where L(~) = 5| Sv — fH%Q(PX).
Proof. O

Theorem 437. Let p € P, withIlp = . Then ||, < [|a|dp < ([ a? dp)l/z, ie |3, < [a*dp.
Proof. O

Theorem 438. The measure p of (159) is a probability measure in P, with Illp = v and [a®*dp =
V]3¢ for v = 0 the same holds for 5, ® v.

Proof. O

Theorem 439. Let ~y be a finite signed measure on Z (and v € P(Z) arbitrary, used only when y = 0).
Theninf{ [ a®dp : p € Py, llp = v} = ||v|%, and the infimum is attained, at p of (159).

Proof. O
Theorem 440. inf{ [a®dp:p € P,, p =~} = |73~

Proof. O
Theorem 441. Forp € Pyand A >0, L(p) + 3 [ a®>dp > L(IIp) + 3|Ip|3,.

Proof.

Theorem 442. For every v € M (Z) the measure p of (159) satisfies L(p) + 2 2 Ja*dp = L(v) +
33
2 17

Proof. O

Theorem 443. Let A\ > 0, Pameasureon X, f: X' — Randv € P(Z) (so that Py #+ B). Then
inf,., {L(p)+% [a*dp} = inf cyr 2 {L(7) + 573 }> both sides being infima of nonnegative sets.

Proof. ‘<" for every‘ P e Pyyhas ‘Eg(p) = E_TV(y)-.
> for every ‘p € P, ‘€_TV(IIp) < Eu(p)". O
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Theorem 444. If p € P, minimizes L(p) + 3 [ a® dp over P, then Ilp minimizes L(v) + 5|7[3,
over M (Z).

Proof. O

Theorem 445. If v minimizes L() + 5|3, over M(Z) then p of (159) lies in P, and minimizes
L(p) + % [ a*dp over P,.

Proof. O
Theorem 446. For f € L?(Py) the functional v - L(7) = 5[S7 — f|72(p, is convex on M (Z).

Proof. Step 1: ‘(Sy — £)2 € LY(P)" for every ¥, since ‘Sy‘ is bounded and ‘f € L%".
Step 2: the pointwise convexity inequality ‘(as; + bs, — )2 < a(s; — £)2 + b (s, — )%, integrated.
O

Theorem 447. ~ i |||, is convex on M (Z), since | - | 5 is a norm.
Proof. O
Theorem 448. For f € L?(Py) and \ > 0 the functional v + L(7) + 3|3 is convex on M (Z).

Proof. O
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Chapter 7

Convergence rates for the
regularization limit

Section 10 of the paper: the learned-base-measure problem rewritten as a weighted Tikhonov prob-
lem over the reference measure, the pointwise deviation of the weight, the sup-norm bound of order
A~1/2 the Tikhonov rate under a source condition (of order 1/2 or 1), the rate theorem, the rates
under the uniform sup-norm bound and in the high-temperature regime, and the finite-dimensional
case.

7.1 Rewriting as a weighted Tikhonov problem

Theorem 449. For A >0, u, = S; (K, + )L f satisfies (Ty + Auy, = Sy, [ (Lemma 7?(4)).
Proof. O

Theorem 450. If f = K, g = S, (S} g) with g € L?(Py), then (R) holds and u' = S5, 9 since
Sy gcransS; C (kerS, )" (Lemma 384).
Proof. O

Theorem 451. If f = S, Tyg, with g, € L*(v), then (R) holds and ul = Tyg,, since Tyg, =
Slto (Suogo) € (kerSVU)L'

Proof. O
Theorem 452. (SC,) implies (R): f = S, ul.
Proof. O

Theorem 453. Assume (A1), (A3) and (R). Thenuy —ul = —\(Ty+\)"tul, ie. (Ty+A)(uy —ul) =
—Mul. (f = S, ul gives S} f = Tyul, s0 (Ty + Nuy — (Ty + Nul = Tyul — (Ty + Nul = —ul)

Proof. O
Theorem 454. Under (SC,,), [ = K, g with g € L*(Px): |uy — uf[z2(,,) < Dgl < VAlgl
and |S,, (uy — u')|2p ) < Algl- (Withy == (T, + X)~'S;, g one has uy — u' = —\y, and the

normal equation (T, + Ny = S;_g gives |S, y[*> + Myl* < llgl[S,, yl, hence My|*> < |g]*/4 and
1S, vl < llgll-)
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Proof. ‘y:= —A~1d" solves the normal equation (Ty + A) y = S_vo* g".

Id]> = 22]yl* < Alg|/4 O
Theorem 455. Under (SC,), ul = Tyg, with go € L?(vy): [uy — ulll 121, < Mlgol and ||S,, (uy
uNl2py) < Mool (uy —ul = =X(T, + N) ' Togo and | Ty (T + A)~ 1H < 1; the residual “bound
Jollows from |S,, | < 1.)

Proof. O
Theorem 456. Assume (A1), (A3) and (SC,) (hence (R)). Then
lux — UTHL"’( < Amin(e. 1) H90HL2 (vo)? ||Su0 (uy — UT)”LQ(PX) < Amin(aﬂm’l)||90HL2(V0)~

(For a € {1/2,1}: Lemmas 454 and 455, with \'/? = /X and min(a + 1/2,1) = 1.)
Proof. O

Theorem 457. With v := wm*: v is bounded, v € L*(vy) and S, v = S,.m* = F,. (by |m*p,| <
|m*| ., and Fubini, S,.m*(z) = [ m*(2)¢,(z)w(z)ry(dz) = (S,,v)(x), whichis F,. by Theorem 231).

Proof. O
Theorem 458. IIp* = m*v* = vy and [m*|72(,., = [ mPwdyy = [v?w™ du,.
Proof. O

Theorem 459. (Weighted normal equation.) With M, . the multiplication operator by w™, in
L?(v,) and pointwise, (T + AM,,)v = S;_f, where w v = m*. (By Theorem 228, s* = S*r* =
—Am” for every z; sincer* = F. — f = Syov — S =Ty — S;jof, hence Tyv — S;Of =—-m* =
—wtw.)

Proof. O

Theorem 460. (Variational interpretation.) v is the unique minimizer of the weighted Tikhonov
functional 7,,(u) := %”Syou—szLQ(PX) + % IZ w?wtdyy (u € L?(v,)): foreveryu, J,,(u) = J,,(v)+
515, (w—0)|* + 3 [(u—v)*w™" du, since the cross terms vanish by the weighted normal equation.

Proof. Integrability of the weighted squares and of the cross term.
Step 1: the weighted integral splits, since ‘vw~1 = m".
Step 2: the cross term is ‘(d, To v — S* f + A m)) = 0° by the normal equation.
Step 3: expand the square of the residual. O

Theorem 461. (Difference from u,.) (T, + \)(v —uy) = A1 —w v = AN(w — 1)m* and |v —
Uy L2y < (w—=1)m"|2(,,,) = E. (Subtract (T +A)uy = S} f from the weighted normal equation,
and use [\(T, + \) 7Y < 1.)

Proof. O

Theorem 462. Assume the hypotheses of Lemma 459 and (R). Thenw = ¢ *eSwithq = 7,/ Z, = Z
and pointwise

e < gt <w(z) < e, lw(z)—1] < C(z)eC(z)—I—CO, [1—w(2)7| < ¢(2)+eo—1 < ((2)+(e.

(1<g<eo;el —1<¢eS1—qg 1t <logg<(pul—e*<()
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Proof. ‘e"—{, < 1/Z‘since ‘Z < ey".
1-1/Z<logZ <&y

‘wol=Zer-{. O
Theorem 463. Pointwise, |(w—1)m*|(2) < &|m*(2)e"™ /2 4 & |t |2|m*(2)| (insert ¢ = Em*2,
o = %|u'|? into the bound on |w — 1| and multiply by |m*|).

Proof. O

Theorem 464. = < &(|m*3emm™/2 Iz2(g) + lutI? M| 12, ) (triangle inequality in L? (v,) applied
to the pointwise bound of Lemma 463).

Proof. Step 1: ‘E < ||c; ¢; + ¢, ¢, by pointwise domination.
Step 2: the triangle inequality and ‘| |m*| || = |m*|". O

Theorem465. |m*|;z(,, ) < q1/2||m*||Lz(l,*) < e 2|ut| ([ m2dyy = [ mPwtdv* < q\|m*||2L2(V*>,
[m* 12 < [uf] and g < e).

Proof. O

Theorem 466. For every v € P(Z) and f € ranS,, sup__, |Ry ,f(2)| < [S0fl 20,/ (2VA)
more generally the bound holds with || 1z, for every representer h of f. (With g :== (K, + \)"'f,
Ry, f(2)] < llglland [SEgl*+Agl* = (K, +N)g. 9) = (h, Spg) < |R[[S;gl. hence A|g|* < [|h]?/4.)

Proof. O

Theorem 467. Form* =R, ,.f,

gl (9 € L[ < PO PRSP

ZEIZ) - 2\/X W NL2(v) - 2\/X o 2\/X ’ zp - 86 BRCH
(h == ufJw € L?(v*) with ||h||i2(w) = fuﬂw*l dy, < q|ut|? and S,.h = SVOUT = f; apply
Lemma 466.)

Proof. Step 1: ‘h:= ut/w € L2(v*), via ‘[ w (ut/w)2 dvy = [ut2w—ldvy < Z |ut|?.
Step 2: ‘'S v*h =S_vyutf =f"
Step 3: apply the general bound and insert ‘Z < e,".
C=(x/2) m*2 < (x/2) Z||ut[2/(42) = Z[[u|2/(8B) < e"ollut|2/(8B)". 0

7.2 The rate theorem and its corollaries

Theorem 468. Assume (A1), (A3), (A4), (A5) and (SC,) (hence (R)). Fix (A, ) and let E = ||(w —
D)m*| 2(,,)- Then
[m* = ull 20, <22 4+ A™@D]gg.

(Writem* —ul = (m* —v) + (v —uy) + (uy, — ul): the first term is (1 — w)m* of norm =, the second
is at most Z by Lemma 461, the third is Lemma 456.)

Proof. O
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Theorem 469. WithIlp* = m"v* = vy,
1" — ulvgllag = o — 'l g, < B2+ AmRgg).

(lv—ufllpr < Jv—m*|p1 +[m* —ul|2 < Jv—m*|p2 +|m* —ul| 2, v, being a probability measure.)
Proof. ‘[ |m*| |[w — 1| dvg = [ |(w — 1) m*| dvy < E". O

Theorem 470. ||F,. — f|2p,) < YA E p ymin(atl/2,1)) g0 (Fp—f=8,(v—ul) =S5, (v—
uy) + S, (uy — ul); IS, (v — uy)|> = (Tye, e) with (Ty + N)e = Aw — 1)m*, and 4\(Tye, e) <
I(To + Nel* = A*22)

Proof. ‘|S_vpe|2=(Tpe,e) <|(Ty+ A)e|2/(4X) = A E2/4". O
—_ %3 km*2 *

Theorem 471. = < §(|m™3e*™ /2| o, + [ul|?[m*|2(,,)) (Lemma 464).

Proof. O

Theorem 472. Assume the hypotheses of Theorem 468 and (S__) with constant B, and put (_ :=
£B2. Then
2 oo

K
= < 5 (BleSs + Juf|?) e/ u],

and for k < Ky, & < C,k with Cy as in Definition 145. (In the bound of Lemma 462, |lw — 1| <
G Gy < Gt + G and "y, < €0/ ul]| by Lemma 465)

Proof. Monotonicity in x‘ of the exponential factors. O

Theorem 473. For k < K,

lm* — uT”LQ(VO) < 20,k + Amin@D | g |, ITTp* — ulugl pe < 3C K + XM g,

I, — I < S/ xmla1 /2 g |
(Insert = < C k into Theorem 468-470.)
Proof. O
Theorem 474. (Hidden marginal.) Pointwise [w — 1| < (e + (y, S0 for & < kg, [w — 1] oo () <
C1k with C7 as in Definition 146,

lv* = vollar < Jw— 1HL1(V0> < Cik, KL(v*vy) < x*(vv) = /(U)— 1)%dy, < (Ck)%

(lv* — vollae = [ Jw—1|dyy, and KL < x? by Lemma 905.)

Proof. Step 1: the pointwise bound ‘|w — 1| < C;’ x*.
Step 2: the total mass and the ‘2 distance. O

Theorem 475. Assume only the hypotheses of Theorem 468 ((S,,,) is not used), and let {3 = e [uf||? /(83).
Then
E< (gaegﬁ + Co)eCU/QHUT”v

andfor B > B, > 0, k < Ky, 2 < Cy(B71 + k) with Cy, as in Definition 147. (Pointwise |w — 1| <
e + Gy < (e + (o by Lemma 467, and |m*| 12, < eCo/?||ut].)
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Proof. Step 2: insert ‘§y < {y9 =%y U%/2°and 1/ < 1/By".

‘€ B < (1/B) e"8yo U2/8" and LB < e"yo UZ/(8B)"

The first term of ‘C e",/2 U* is at most ‘(1/8) U3 e"yy/2 M*, the second at most x U3 e"§y,/2
M- O
Theorem 476. For 3 > B, and k < kg, |m* —uf Iz < 2C, (B + k) +Amn(@D | g I and likewise
for the coefficient measure and the realization as in Corollary 473, with C, k replaced by Cy (371 + k).

Proof. O

Theorem 477. Suppose K,, is coercive on L?(Py), (K, hh) = ao|h|? with o, > 0 (in the paper:
Py has finitely many atoms and K,, is invertible with smallest eigenvalue o). Then (R) holds for every
frf =8, (85 K1)

Proof. O
Theorem 478. Assume (Al), (A3), (A4), (A5), and that Py has finitely many atoms x4, ..., x,,, SO

yns

that L?(Py) = R™. Suppose K, is invertible on L?(Py) with smallest eigenvalue o, > 0. Then (R)
holds automatically, and for k < Ky,

S flrpg _ PR
by (TN,

sup [m*(z)| <
z

(K, = [®,®]wdyyandw > e 0 give K, = e 0K, = e 0oy, hence |(K,. + )| < evo /oy
and |m*(z)| < |(K,. + X\)"'f|. In Lean the hypothesis is the coercivity o, |h|> < (K, h,h) for a
general Py.)

Proof. Step 1: ‘(K_v* g, g)) = [ w(S* )2 dvy > e"—{, (K_vp g )"

Step 2: ‘e"—§, o [g? < ((Kv* + D) g, g) = (£ g) < I [g]".
Step 3: ‘|m*(z)| = |(S* 2)(@)| < |g|". O

7.3 Spectral powers of 7, and the source condition of general
order

Theorem 479. Fora > 0, ranTy C (kerT)" = (kerS, )" (Lemma 792; ker T, = ker S, since
(Tou, u) = 1S, ull®):

Proof. O

Theorem 480. If f = S, T{'g, with a > 0, then (R) holds and ul = T gy, since Tig, € (ker Syo)l
(Lemma 384).

Proof. O
Theorem 481. (SC,) implies (R): f = SyouT.
Proof. O

Theorem 482. The source condition of order 1 of Definition 139, f = S,, Tygo with ||g,| < G, is (SCy)
of Definition 165, since Tg = T,

Proof. O
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Theorem 483.  The source condition of order 1/2 of Definition 139, f = K, g with |g| < G, implies

(SCy5) of Definition 165 with the same bound: ran S;, C ran Tol/2 with S}, g = Tol/zgo, lgol < llgll
(Lemma 797).

Proof. O
Theorem 484. Assume (A1), (A3) and (SC,) with a > 0 (hence (R)). Then

Juy = ulll 20, <A™ gol 2, ),

1S, (uy = uN)p2p,) < Amin(a+1/2’1>||90”1:2(

vo)*

(uy—ul = =\(Ty+A) "1 T¢g, (Lemma 453), the eigenvalues of T, lie in [0, 1], and Lemma 796 applies;
1Sy, hl* = (Toh, ).)

Proof. ‘(To+ A)d =2ATy"a(—gy): the resolvent bounds apply with ‘g = —g,". O

Theorem 485. Assume (Al), (A3), (A4), (A5) and (SC,) with a > 0 (hence (R)). Fix (), 5) and let
E = [(w—1)m"| 2, Then [m* — uTHLz%) < 22 4 Amin(@D)| g1 (Theorem 468 with Lemma 484
in place of Lemma 456).

Proof. O

Theorem 486. With IIp* = m*v* = vy, |TIp* — ulyg|ne = v —ul| 1, < 32+ Amn@D|gq|
(Theorem 469).

Proof. ‘[ |m*| |[w — 1| dvg = [ |(w — 1) m*| dvy < E". O
Theorem 487. |F,. — fl 2(p ) < A= ymin(at1/2.1)| g0 (Theorem 470).

Proof. *

= (To e, e) <|[(To+ A)e|?/(41) = L B2/4". O

7.4 Joint schedule of the sample size and the regularization

Theorem 488. With D(5/2) < (B + Y4 )2[4Cpvm + 1 + /2 log(4/6)] and N=1/2 < N=1/4 for
N >1,1/2D(6/2)/V'N + D'(6)/V'N < (B + Ypay) Cygar(m, 6) N4

Proof. Step 1: ‘D(8/2) < E2S;".
Step2: © 2D/ N)<E (2S;)N"—1/4"
par D JOSE f25

Step 3: ‘D’/\/N < ES, N"—1/4" O

Theorem 489. Assume the setting of Theorem 328, (SC,) with 0 < a < 1, the complexity bound
Ry (P) < Cpy/(m+1)/N and (S_) for the family A < 1, B = j,; let C; be Definition 145 with

ko = 1/By With Ay := N~V *a+2)) for every N > 1, with probability at least 1 — 6,
2C e
s, = 200 < | (2o /20 /7) Cot + 5+ ol V77571

((?7): the first term is Corollary 341 and Lemma 488 with B4+ Y, < (2Y,,.«+ 1/ 28,/7)/ A, the second
is Corollary 473; at A = Ay, A2 N Y4 = X4 and Ay < %)
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Proof. The balancing: ‘A_N”"—2 N*—1/4 = A_N”a = N*—a/(4(a+2))" and ‘A_N < A_N"a‘.
The bias term: ‘cor:rate-sinf‘ with ‘“xg = 1/8,".
The sample term: ‘cor:m3-convergence’ (b), (e) and ‘eq:C-stat".
The triangle inequality ‘eq:joint-triangle’. O

Theorem 490. Assume the setting of Theorem 328, (SC,) with 0 < a < 1 and the complexity bound.
With )\ := N~Y4a+2) gnd B := A7, for every N > 1, with probability at least 1 — 6,

Hmp”}\, - UT”L2<UO) < (2Ymax + 1)Cstat + 4C’2 + ”90” N Har2y,

where C, is Definition 147 with 3, = ky = L. (By > land kyy = AN® < 1, so Corollary 476 applies
with By = ko = 1 and 2C5 (B3 + k) < 4Cy\%; moreover B + Yy < (2 + 1)/ for A < 1,
a<1l)

Proof. The balancing: ‘A_N”—2 NA—1/4 = A_N”a = N*—a/(4(a+2))".

The high-temperature schedule: ‘B_N > 1, ‘x N < 1°, ‘1/_N = A_N”"a‘, ‘x N = A_N"1+a <
A_N7a'.

The bias term: ‘cor:rate-high-temperature® with ‘B =%, = 1%

The sample term: ‘cor:m3-convergence’ (b), (¢) and ‘eq:C-stat".

The triangle inequality ‘eq:joint-triangle’. O

Theorem 491. Assume the setting of Theorem 328, (SC,) with 0 < a < 1, the complexity bounds of
Lemmas 314 and 315, and let D’ = D'(), D” = D" (6) be as in (??). Put Ay := N~/ (2@+3) gnd
By = A" Then for N(et1)/(a+3) > 64max{1, Y, }*D"? (which is N > N () along the schedule,
since ¢; < max{1, Y, ..}/ n), with probability at least 1 — 6,

”mpv;v — uT“L2(VU) S [24 maX{l, YfﬂﬁX}YmaxD/ + 402 + Hg()H N7 2(a+3) )

the rate is N~Y/% for a = 1. ((??) with (22): along the schedule ¢, < max{1,Y,,,,}/\ and E, <
2V, /N sosup |my —m*| < 24max{1,Y,, }V. . D’'AX"3N~Y2; balance \ > N—1/2 = \¢))

Proof. The balancing: ‘A_N"—3 N*"—1/2 = A_N"a = N*—a/(2(a+3))".

The high-temperature schedule: ‘f_N > 1°, ‘k_N < 1, ‘1/8_N = A_N"a‘, ‘x_N < A_N"a".

The bias term: ‘cor:rate-high-temperature® with ‘B = %, = 1%

The constants of ‘thm:m3-double-prime‘ along the schedule: ‘c; < max1, Ymax/A‘ and ‘E_* <
2Ymax/A‘, and the threshold ‘N > N_B(8)".

The sample term: ‘cor:m3-convergence-prime* (b) in the * \/N ‘ form.

The triangle inequality ‘eq:joint-triangle’. O
Theorem 492. Assume the setting of Theorem 328, (SC,) with 0 < a < 1, the complexity bounds
of Lemmas 314 and 315, and (S_,) for the family A < 1, 8 = B,; let C, be Definition 145 with k, =

1/B, and M := max{1,Y,../\/Bo}. With Ay := N~V for Nla+D/(a+3) > 6404 D"2, with
probability at least 1 — ¢,

,  2C __a
”m/ﬁv o UTHL2<’/O> < {24MYmaxD + 671 + ”90”] Nz,
0

(As Corollary 491, with ¢, < M /) and the bias of Corollary 473. The formalized constants c,, E, of
Theorem 381 use M, =Y. . /), whence the rate N~/ (2(¢+3)) in place of the paper’s N~/ (2(a+2)) )
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Proof. The balancing: ‘A_N”—3 N*—1/2 = A_N”a = N*—a/(2(a+3))"and ‘A_N < A_N"a‘.
The bias term: ‘cor:rate-sinf‘ with ‘“xg = 1/8,".

The constants of ‘thm:m3-double-prime* along the schedule: ‘c; < max1, Ymax/ \/50/7\" ‘E_*<
2Ymax/A‘, and the threshold ‘N > N_B(8)".

The sample term: ‘cor:m3-convergence-prime* (b) in the * \/N ‘ form.

The triangle inequality ‘eq:joint-triangle’. O

Theorem 493. Assume the setting of Theorem 328, (SC,) with 0 < a < 1, the complexity bounds of
Lemmas 314 and 315, and (S.,) for the family A < 1, = (5, with constant B _; let C; be Definition 145
with K, = 1/8y, and D’ = D’(§), D” = D”(§) asin (??). Put Ay := min{1, \/5,/B..} and Ay :=
N—YR@2) Then for N > N;) := max{\;2“"? (64D"2)(a+2)/a}, with probability at least 1 — 6,

. 2C o a
P L A e Lt
0

therateis N~'/6 fora = 1and N~/ fora = 1/2. (For A < \;, ¢;,(B.) = 1/Aand E, = B, + Y,

in Theorem 380, so sup |my — m*| < 12(B._ + Yy ) D’ A\ 2N ~1/2; the bias is Corollary 473; balance
ATENTYZ =\

Proof. The balancing: ‘A_N”"—2 N*—1/2 = A_N”a = N*—a/(2(a+2))" and ‘A_N < A_N"a‘.

The bias term: ‘cor:rate-sinf with x, = 1/8,°, and the sup norm ‘|m*| < Boo®.

The threshold ‘N > N_(i): ‘A_N < A;* gives ‘c;(Boo) = 1/A_N*, and ‘N"a/(a+2) > 64 D”%* gives ‘N
> N_B(8) = 64 ¢4 D",

The sample term: ‘thm:m3-double-prime-rate-general‘ with ‘M; = Boo®.

The triangle inequality ‘eq:joint-triangle’. O

Theorem 494. Assume the setting of Theorem 328, (SC,) with 0 < a < 1 and the complexity bounds

of Lemmas 314 and 315; let D' = D'(8), D" = D" (8) be asin (2?). Put ¢, = Lel*'P/4|uf|, ), =
min{1,¢;2}, Ay := N5 and B := Ay Thenfor N > Ny = max{\, ***, (64D"?)2+5)/2a+1)},
with probability at least 1 — 6,

”mpj\, - uTHL?(”o) < |12(e, + Yina) D' +4C5 + || g0 N_#l“’a

where C, is Definition 147 with 8, = r, = 1; the rate is N~/7 fora = 1. ((SC,) contains (R), so
Lemma 467 with {;, = %|ul|? < 1|uf|? gives M, < ¢, \7V/2; for A < Ay and By > 1, ¢ (M,) = 1/A
and E, < (¢, 4+ Yu )N Y2, s0sup [my —m*| < 12(c, 4 Yaax) D' A~%/2N~1/2; the bias is Corollary 476
with B, = Ky = 1; balance \"/2N~1/2 = )2

Proof. The balancing: ‘A_N”~—5/2 N*—1/2 = A_N”"a = N"—a/(2a+5)".
The high-temperature schedule: ‘f_N > 1°, ‘k_N <19, ‘1/f_N = A_N7a‘, ‘x_ N < A_N~a“.
The bias term: ‘cor:rate-high-temperature® with ‘B, =%y =1°.
‘lem:sqrt-lambda-sup‘: ‘|m*| < e"Co/ZHuTH/(Z\/\) < c_u/\/)\‘ since ¢y < |ut|?/2"

The threshold ‘N > N_(ii)": ‘A_N < 4, gives ‘c;(c_u/ \/)\_N) = 1/A_N¢, and ‘N~(2a+1)/(2a+5) >

64 D”% gives ‘N > N_B(8) = 64 c;* D%,
The sample term: ‘thm:m3-double-prime-rate-general‘ with ‘M; = c_u/ \/A_N‘.

The triangle inequality ‘eq:joint-triangle’. O
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Chapter 8

Dynamics: mean-field Langevin,
log-Sobolev inequalities

Section 4 of the paper, restricted to what does not depend on stochastic calculus: the entropy sand-

wich (lem: entropy-sandwich), the exponential convergence of the mean-field Langevin flow from

the energy identity and a uniform log-Sobolev inequality of the proximal Gibbs measures (thm:mf1d-convergence),
the decomposition, shear transport and log-Sobolev inequality of the proximal Gibbs measure (lem:1si,
cor:uniform-1si). Of the standard facts about log-Sobolev inequalities, tensorization, Holley—

Stroock, the transport by proper C! Lipschitz maps and the KL form (L1) are proved in the chapter

“Material for Mathlib”; the Gaussian log-Sobolev inequality and the well-posedness of the dynam-

ics are stated and left as sorry. The transport by a C'! map is what the shear of lem:1si needs,

so lem:1si(iv) assumes that the analysis maps S*r are C'; this is proved for a smooth feature with

bounded derivatives by differentiation under the integral sign.

8.1 Entropy sandwich
Theorem 495. For every p with [ |a| dp < oo (in particular for p € D), fi,, € D.

Proof. O

Theorem 496. For p with [ |a|dp < oo and every p’ € D, KL(p'|ji,) < oo and

F(p')=G,(p") +BKL(||fi,) — BlogZ,,  G,(p):=L(p") — /asp(Z) dp’.
(The chain rule KL(p'|uy) = KL(p'|fi,) — 5 [as,dp’ + log %, legitimate since [ |as,|dp’ <
¢, [laldp” < o0.)

Proof. O

Theorem 497. Assume (A3), (A4), (A5), f € L?(Py), and let p* be the minimizer of & on D. For
p € D, KL(p|j1,) < oo and

BXL(plp*) < F(p) = F(p") < BKL(p|i,)-

58



Proof. The left inequality is the strong convexity identity (Lemma 212). For the right one, write
the decomposition of Lemma 496 for p’ = p and p’ = p*; by the expansion of Lemma 204 around p,
G, (p")~G,p(p) = 3| Fy—F,? > 0,50 F (0)~F (p°) = BKL(plfi,) ~ FKL(p"|fi,)— 3| Fy — F, | <
BXL(plf,)- O

8.2 Log-Sobolev inequality of the proximal Gibbs measures

Theorem 498. If i satisfies LSI(«) and 0 < o’ < «, then p satisfies LSI(a”).

Proof. O
Theorem 499. (F1, Gross.) Form € Rand v > 0, N (m,v) satisfies LSI(1/v).

Proof. O
Theorem 500. (F1, Gross.) Under (A8), v, = N (0, (8/X,)I) satisfies LSI(A, /).

Proof. O

Theorem 501. (F2, tensorization.) If u, satisfies LSI(«;) and ., satisfies LSI(aw,), then pq ® poy
satisfies LSI(min{ay, as }).

Proof. O

Theorem 502. (F3, Holley-Stroock.) If u satisfies LSI(«), v is bounded measurable and v :=
Z~Ye ¥y, then v satisfies LSI(ae™ %), osc 1) := sup ) — inf).

Proof. O

Theorem 503. (F4, transport.) If i satisfies LSI(c) and T is a proper C* map which is Lipschitz with
constant Ly, then Ty satisfies LSI(a/L7.).

Proof. O
Theorem 504. If|s(z) —s(2')| < €d(z,2") forall z, ', then T, and T, ! are Lipschitz with constant
1+ £/ X for the metric d((a, z), (a’,2")) = max{|a — a’|,d(z,2")} on ©.

Proof. O
Theorem 505. If |s(z) — s(2')| < £ |z — /| forall z, 2/, then T, ! is Lipschitz with constant 1 + /X
for the Euclidean metric of © (Lemma ?2(ii): | DT |, < r5o(£/X) <1+ £/N).

Proof. Step 1: it suffices to compare the squared norms.

Step 2: the components of ‘T-1x — T-ly‘are (a —a’) — (sz—sz’)/A and ‘z — z™".

Step 3: with ‘u=|a — 2’|, ‘w = |z — 2’|, the first component is bounded by ‘u + k w*, and ‘(u + k
w2 + w2 < (1 + k)2 (u2 + w2)". O

Theorem 506. Forp € D (indeed forany pwith [ [a|dp < o0), i, (dadz) = D,(d2) N(—s,(2)/A, B/N)(da),
where v, is the hidden marginal of i ,.

Proof. O

Theorem 507. The hidden marginal of i ,is7,(dz) = 2;1 exp(sgf\zﬁ)2 Jvo(dz), with Zp = [es/ ) dy €
[1, e/ (228)],
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Proof. O
Theorem 508. ForT,(a,z) := (a+5,(2)/A, 2), (T,)xfi, = N(0,8/A) @V,

Proof. By Lemma 506, under i, onehas z ~ v, and a | 2 ~ N (—s,(2)/A, B/)),s0a+s,(2) /A | 2 ~
N (0, 8/)) does not depend on z. O

Theorem 509. Ifz — o, () is C! for every x and Z is finite dimensional, then x + D o (x) is
measurable for every z (a limit of difference quotients along a basis).

Proof. Step 1: the difference quotients along the basis are measurable in ‘x".
Step 2: a linear form is the sum of its values on the basis times the coordinates.
Step 3: the difference quotients converge to the derivative. O

Theorem 510. If the feature map is smooth with bounded derivatives (Definition 127), Z is finite di-
mensionalandr € L'(Py), then S*r: z = [ ¢, (z)r(z)Px(dz)is C* with D(S*r)(z) = [ r(z)D,p,(z)Px(dz).

Proof. Differentiation under the integral sign: |r(x)D,p,(x)| < L|r(z)| with L = sup |V,¢| is an
integrable bound, x + D,p,(z) is measurable (Lemma 509), and the derivative is continuous by
dominated convergence. O

_osc(sp) 2

Theorem 511.  Under (A8), D, satisfies LSI(a,,) with &, > % exp(—2355*) > % exp(—55)-

Proof. vy = N(0,(8/A,)I) satisfies LSI(\,/$) by (F1), and 7, = Z e Yv, with ¢ = —s2/(2)f),
—c2/(2AB) < 4 < 0; apply (F3). O

Theorem 512. Under (A1), (A3), (A5), (A8), and assuming that S*r is C* for every r € L*(Py)
(Lemma 510), ji,, satisfies LSI(c,,) with

S min{\, e /) - min{\, \ e %/}

a - - ’

8 BL+L,/A)? B(1+ /R +1c,/))?

where £, = sup |Vs | < VR%: +1c - The right-hand side does not depend on the dimension m.

Proof. N(0, /) satisfies LSI(\/3) (F1), so by (F2) and Lemma 511 the product 7, = N'(0, 3/\)®7,
satisfies LSI(min{\/3,a,}). By Lemma 508, /i, = (T, ')47,, and T, ' is Lipschitz with constant
1 +¢,/\ (Lemma 505, with l, < VER% +1 ¢, by Lemma 191); it is C! since s, 18, and proper since

it is a homeomorphism (its inverse is 7',); conclude by (F4). O

Theorem 513. Forp € D, c; = 2L(p) < 2(F (p) + Blog Zy;) (here ¢ < 27 (p), the constant of the
free energy being dropped).

Proof. O
Theorem 514. The map c — «(c) of Definition 125 is nonincreasing on [0, c0).
Proof. O
Theorem 515. For E € R, on the sublevel set Dy, := {p € D : F(p) < E} and with cg :=
V2(E + Blog Zy;),
in{\. \. e ch/(2XB)
lnf ap 2 a*<E): mln{ ? Ze E } >O7
peD B(1+/R% +1cg/A\)?
Le. fi, satisfies LSI(a, (E)) for every p € Dp,.
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Proof. ¢, < cg on Dy by Corollary 513, and the constant of Lemma 512 is nonincreasing in c,
(Lemma 514); conclude by Lemma 498. O

Theorem 516. For py = ji; = N'(0, 3/A) @ v, F, =0, L(pyy) =[fI?/2and F (uy) = | £1?/2 -
Blog Z,; (here | f|?/2).

Proof. Step 1: ‘F_u_U(x) = (| adN (0, B/A)) (| ¢_z(x) dvy) = 0°
Step 2: ‘L(u_U) = V2 [ f2dP = 12 | f|>.
Step 3: ‘KL(u_U|u_U) = 0". O

Theorem 517. For py = g, C(, = |flland

min{), A, e I/17/236)}
= ? — z
e A TCR R =n T Ve

Proof. O

Theorem 518. Since p* € Dy, ., p* = ji, satisfies LSI(c,).
Proof. O

8.3 Exponential convergence of the mean-field Langevin dy-
namics

Theorem 519. (L1.) If u satlsﬁes LSI(«) on a ﬁmte dimensional space, p << p is a probability
measure with KL(p|u) < oo, log dp is O and V log $2 £ € L?(p), thenKL(p|u) < 55 1(plp) (substitute

= 2a
v/ dp/ du, cut off by compactly supported functlons, in the LSI).
Proof. O

Theorem 520. Ifa probability measure pon © (Z finite dimensional) satisfies LSI(«v), then it satisfies
the KL form of LSI(«).

Proof. O
Theorem 521. Along an MFLD flow, t —  (p,) is nonincreasing on [0, c0).
Proof. O
Theorem 522. Assume (A3), (A5), f € L?(Py), let (pt)¢=0 be an MFLD flow (Hypothesis W) and
assume that fi,, satisfies the KL form of LSI(cv,) for every t > 0. Then forallt > 0

F(py) — T(p") < €25 (F (pg) — T (p")).

Proof. Put ®(t) := F(p,) — F(p*) > 0. By (W2), & is nonincreasmg For a.e. u > 0, the right
inequality of Lemma 497 and (L1) give ®(u) < ﬁKL(puHupu) < 2a I(p,lft,, ). Hence, for 0 < s <

t, ®(t) = ®(s) — 5 [ 1(p,lii,,) du < @(s) — 20,8 [ ®(u)du < B(s) — 20, 5(t — 5)@(t), and
Lemma 909 (Grénwall) concludes. O

Theorem 523. Under the hypotheses of Theorem 522, for allt > 0, KL(p,|p*) < e >*F!(F (py) —
F (p*)). (The left inequality of Lemma 497.)
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Proof. O

La(py) < 267277 (po) =

F (p*)). (The strong convexity identity of Lemma 212.)
Proof. O

Theorem 525. Assume (Al), (A3), (A5), (A8), f € L*(Px) and (A9): py € D, [|z|?>dp, < oo and
[ ewlaldp, < oo for some ¢, > 0. Then the MFLD has a solution on [0,00) (unique in law), and its
flow of laws (p, ), satisfies (W1) and (W2), i.e. it is an MFLD flow with p, as initial law.

Proof. O

Theorem 526. Assume (A1), (A3), (A5), (AS), f € L?(Py) and (A9). Let (p¢)¢>0 be the flow of laws
of the solution of Theorem 525 and o, := o, (F (py)). Then forallt > 0

F o) — T (p") < e 25 (F (p) = F(p*)),  KL(pyllp") < %e*w(?(po) —F (")),
1By, = Fy L3 py) < 267 2%P(F (pg) — T (57))-

Proof. Theorem 525 gives the MFLD flow; since 7 (p,) < Z (p,) (Lemma 521), Corollary 515 gives
LSI(«,) for every [i p, (the analysis maps are C! by Lemma 510, the feature being smooth with
bounded derivatives), hence its KL form (Lemma 520), and Theorems 522, 523, 524 apply. O

8.4 Static chaos of the finite-particle Gibbs measure

The M-particle free energy decomposes exactly relative to the product of the mean-field minimizer,
so that the relative entropy of the M-particle Gibbs measure with respect to p*® is bounded uni-
formly in M; this closes the order “t — oo at fixed M first” of the order-of-limits theorem under the
ergodicity of the finite-particle dynamics (manuscript note notes-14).

Theorem 527. Let ;1 be a nonzero o-finite measure on ©, § > 0 and W measurable with Zy;, =
. di ~-W(6,)/8
JeW1% du < oo. Then GG = (=), with Wiy (6) = 3, W(0,), ie. -5t (6) = TT, <5 =

e~ War(0)/8

,and ZWM = ZW.

Z
Proof. Step 1: ‘e"~W_M/B =[], e"—=W(6,)/p and Z_W_M = Z_W"|(|".
Step 2: both sides are ‘u ®t* with the product density (‘lem:pi-withDensity®). O

Theorem 528. Forevery § € ©M,0 < L(py) < §(47 22, las| + ||f||)2 < 2,0+ IfR
Proof. O

Theorem 529. Let i € P(OM) with KL(u||u$™M) < oo. Then [ a2 u(df) < oo for every ¢, hence
Jlagldp < oo and L(py), 3, a,5(2,) (s bounded measurable) are yi-integrable. (Donsker-Varadhan

with g(0) = ﬁag{, [e9dudM = [ Xe?/48) dpyy, = /2
Proof. O

Theorem 530. Since 0 < L(pg) ZM [ e MEpo)/BquSM ¢ (0,1], so 7, is a probability mea-
sure, and KL(||u$™) = % (pg) dmy; — log Zy; < oo (the potential M L(py) is m,-integrable

because ue~"/8 < ).
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Proof. O

Theorem 531. Forp € P(OM)with KL(u||ud™) < oo, KL(u|my,) < coand FM (u) = 8 KL(u|7p,)—
Blog Zyy, Zyy = [ e MLwo)/BauEM (Lemma 187 with W = M L(p,) and reference measure & ;
W € L'(u) by Lemma 529).

Proof. O

Theorem 532. 7, is the minimizer of 7™ on {u € P(OM) : KL(p|u$™) < oo}: TM(my,) =
—Blog Zy; < TM(p).

Proof. O

Theorem 533. Withs* = S*r,. and W*(0) = a s*(z), p*®M = (N%M%W Wi (0) =3, a5 (2) =
* oM *

M [ as* dp,, and log ‘;’;W(é)) = —5 2,45 (2) — Mlog Z,.

Proof. O

Theorem 534. Let p* be the minimizer of 7 on D. For every i € P(OM) with KL(ul|ud™) < oo,
KL(u|p*®M) < oo and

M
V() = M) = B KLl ™) + 5 [ 15, = Fyp sy 1(00).
91\/1

(Chain rulefor p*®M = (M/?}H)W* , theidentity F (p*) = L(p*)— [ as* dp*—3log Z, and the expansion
L(pg) — L(p*) = [as*d(pg — p*) + 3| F,, — F, %)

Proof. Step 0: notation ‘s* = S*r_p*‘, “W(0) = a s*(z), "W_M(8) = >__¢ W(0_¢)".

Step 1: ‘Z_W_M =7Z_*"M".

Step 2: the chain rule ‘KL(u[p* ®M) = KL(u|u_U*®M) + (1/B) [ W_M du + M log Z_*".

Step 3: ‘F(p*) = L(p*) — [ W dp* — flog Z_*".

Step 4: the pointwise expansion ‘M L(p_8) — W_M(8) — M (L(p*) — [ W dp*) = (M/2) |[F_p_6 —
F_p¥2.

Step 5: integrate the pointwise identity against ‘u". O

Theorem 535. Let p € P(O) with [ a*dp < co and M > 1. Then

1 1
/ ||Fp9 B Fp||2L2(PX) peM(do) = M /Varp(a@z(@) Py(dz) < 5V /02 dp.
oM X

(Foreachz, F, (z) = & >0 ap., () is a mean of i.i.d. variables of mean F,(x); Fubini is justified by
Ja*dp < 0.)

Proof. Step A:‘||[F_p_© —F_p|2= f (F_p_6(x) — F_p(x))? P(dx)‘ for every ‘©".

Step B: the integrand is dominated by ‘2 (1/M) >~_¢ a_¢2 + 2 (| |a| dp)*, so Fubini applies.

Step C: for each ‘x‘, the variance of the mean of ‘M" i.i.d. copies of ‘a ¢_z(x)* is ‘(1/M) Var_p(a
¢_z(x)) < (1/M) [ a2dp".

Step D: Fubini and integration of the pointwise bound over ‘x°. O

Theorem 536. KL(p*®M|u$M) = M KL(p*||uyy) < oo
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Proof. O

Theorem 537. Let p* be the minimizer of & on D and M > 1. Then
B KLy |0®M) + 5 B, IF,, — Fplae < 5 [ a?dp
TMIP 9 TmT Pe PIL2(Px) = 9o a~ap-.

(Theorem 534 at . = 7y, and at u = p*®M, the minimality of 7, for M, and Lemma 535.)

Proof. Step 1: the identity at ‘u = m_M* and at ‘u = p* M".
Step 2: minimality of ‘r_M* and the i.i.d. variance bound. O

Theorem 538. Under the hypotheses of Theorem 537, KL(m [ p*®M) < % | a* dp* (independent of
M)andE, |F, —F,|* <4 [a*dp".

po
Proof. O

Theorem 539. With A := min{| f||>/\2, | f[?/(4\)}+B/X > [ a® dp* (Theorem 233), KL(m,|p**M) <
A/(28) andE,_|[F, — F,.|> < A/M.

Proof. O

Theorem 540. Let s be measurable with |s| < Cand p; = fiyy , W(0) = as(z). Then [ el dp, <
oo for every ¢ € R, since e=@(*)/Beclal < e(C/B+e)lal qnd the a-marginal of u; is Gaussian.

Proof. O

Theorem 541. Under the hypotheses of Lemma 540, forc > 0, [ecl?ldp, < Z71 [eletC/Plal dy,, <
2 exp(% (c+C/B)?), using Z, > 1 and the Gaussian moment generating function.

Proof. Step 1: ‘[ e”cla| dp_s = Z~1 [ eM—as/B e cla| du_U < Z71 [ etja| du_U".
Step 2: ‘[ eMtla| du_U < [ (e"ta + e”—ta) du_U = 2 e™2 (B/A)/2° (Gaussian moment generating
function). O

Theorem 542. Let g be measurable with |g| < C, m := [ ag(z)dp* and Y () := ag(z) — m. Then
K, = [Y?el¥ldp* < oo, since [Y| < Cla| + |m], u* < 2¢" and [ 2“1 dp* < oc.

Proof. O

Theorem 543. Under the hypotheses of Lemma 542, K, < 4exp(2C (|| f| /A +/28/(7)))) exp(£(2C+
I£1l/B)?), a constant depending only on C. | f|, A, B.

Proof. Step 1: ‘|m| < C [ |a| dp* < C (|f|/A + ¢(2;3/(m)))‘.

Step 2: the pointwise bound ‘Y2 e?|Y| < 2 e”2|m| e”2CJa|".
Step 3: integrate and use the Gaussian exponential-moment bound. O

Theorem 544. Let g: Z — R be measurable with |g| < C, m := [ag(z)dp* = [ gdllp*, X(0) :=
= > a9(2) = [gdllpgand K, := [(ag(z) — m)2el®9z=ml dp* < oo, Then
A
g C,:=— +1log2+ K,

/gdnﬂe—/gdﬂp* \/M = m’ g 25

(Donsker-Varadhan on ©M with h = vVM|X — m|: withu = 1/vM and Y, = a,g(z,) — m iid.
centered, E jorret" 20 Ve = (Ee**V)M < (1+ K u*)M < %o, s0logE ene” <log2+ K,.)

. KL(my[lp*®M) +log2 + K, - C

™M

<
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Proof. Step 0: notation. ‘Y(p) = a g(z) — m"is centered with ‘K = [ Y2 e"Y| dp* < 00’;‘S(B) =) __¢
Y(©_¢), u= 1/\/M‘, ‘h(@) =u |S(8)| = \/M |X(6) — m|".

Step 1: ‘X(0) — m = (1/M) S(0)".

Step 2: the exponential moments of ‘+ u S‘ under ‘p**®M° are at most ‘e K".

Step 3: ‘e*u|S| < e*uS + e”—uS’, so ‘[ e u|S| dp* QM < 2 e*K".

Step 4: Donsker-Varadhan on ‘©*M* ‘[ u|S| dm_M < KL(n_M|p**®M) + log 2 + K".

Step 5: |X — m| =u - (u |S|)* since ‘u2 = 1/M"; conclude. O

Theorem 545. Under the hypotheses of Proposition 544, with A = min{| f||> /A%, | f|*/(4)\)} + B/,
E., | X—m|<Cy/VMwithC,= A/(28) +1log2 + K.

Proof. O

Theorem 546. Under the hypotheses of Proposition 544, £, |X —m| < Cy/v M with the explicit

constant C;, = 2‘% +log2 + 4exp(2C(| fI /X + /28/(7N))) exp(£x (2C + | f[/8)?), which depends
only on C., |1, \. 5.

Proof. O

Theorem 547. For every permutation o of {1, ..., M }, the image of ), under Qoo is m,: M%M is
permutation invariant and L(py.,) = L(py). In particular all one-particle marginals of 7, coincide.

Proof. O

Theorem 548. Let Z be standard Borel. For every ¢, the one-particle marginal wf} of m,, satis-
fies M KL(n\)|p*) = > KL(x\;[p*) < KL(mp, ] p*®™), by exchangeability and the superadditivity
KL(uv®M) = 35, KL(p ).

Proof. O

Theorem 549. Under the hypotheses of Theorem 537 with Z standard Borel, KL(W%[) [p*) < 2,8¢M for
every (.

Proof. O
Theorem 550. Assume (E): ||y, — 7|y — 0 and sup, [ & >, a7 dp, < Q < oo. Then for every
bounded measurable g, with X (0) = [ gdllpy, m = [ gdIlp* and C, as in Proposition 544,

1m su m 5
: oy = —

hence limsup,, . limsup, [E|f gdllpM — [ gde*| = 0. (Truncation: h A\ T converges by total
variation, and £, [h —h ANT| < T, h*/T < (2C*Q + 2m?)/T uniformlyint.)

Proof. Step 0: notation: ‘m‘, the statistic ‘h(0) = |X(6) — m|", its bound ‘C S(0) + |m|* with ‘S(8) =
(1/M) >°_¢ |a_¢#|", the bound ‘B‘ of Proposition 14.4 and the second-moment bound ‘Q, =2 C2Q +
2 m2‘ of ‘h".

Step 1: the truncation level ‘T with ‘Q,/T < ¢/2°.

Step 2: integrability of ‘h‘, ‘h?‘ and ‘h A T* under each ‘u_t* and under ‘m_M".

Step 3: the tail bound ‘[ hdu_t < [ h A T du_t + Q,/T* (Chebyshev: ‘h — h A T < h2/T).

Step 4: total-variation convergence for the truncated statistic, and f hATdr M <B-.

Step 5: eventually 2 T |u_t — 7_M|_TV < /2. O
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Theorem 551.  For the tanh feature (A3) with z = (w,b) € R™"! (Euclidean norm), |V ¢, (z)| <
V]z2+ 1forallz € R™ and z € R™*. Indeed V¢, (z) = tanh’ (wTz—b) (z,—1) with 0 < tanh” <
land|(z,—1)| = /|z|? + 1. In particular, under (A1) the feature is Lipschitz in the hidden parameter

with constant \/R% + 1.

Proof. Step 1: the chain rule bound ‘|V_z ¢_z(x)|| < [tanh’({w, X)) — b)]| - ||(x, —1)

Step 2: ‘[tanh’| =1 — tanh? < 1‘and ‘||(x, —1)| = \/(|\x||2 + 1) O
Theorem 552. For the tanh feature (A3), with z = (w,b) € R™"! (Euclidean norm, Definition 6),
and inputs |z| < Ry (A1), the map z — ¢, (x) is C* and, for every n > 0,

¢

sup [ V2, (x)] < [tanh™ | o (R% +1)"/? < ox,
[z|[<Rx, 2z
where || tanh'™ o < Sup |, Ip,, (s)| for the polynomials py = X, p,, .1 = p}, (1 — X?) with tanh" =
p,,(tanh). Hence the restriction of the tanh feature to {|z| < Ry } (Definition 3) is smooth with bounded
derivatives in the sense of Definition 127.

Proof. Step 1: smoothness. ‘z — tanh({w, x)) — b)‘ is the composition of the ‘C*oo* function ‘tanh’
with the continuous linear map ‘(w, b) = ((x, —1), (w, b)))*.

Step 2: the ‘n“-th derivative of ‘tanh‘ is bounded by a constant ‘c_n‘ (‘tanh(® = p_n(tanh)‘ with
‘|tanh| < 1°).

Step 3: the chain rule for the linear map ‘(w, b) — {((x, —1), (w, b)))‘ of norm ° \/(HX”Z +1) <

\/(R_XZ + 1) gives ‘|V_z"n ¢_z(x)| < c_n (R_X2 + 1)"n/2". O

8.5 The third stage of the order of the limits: { — oo at fixed M
first

Theorem 553. If [ |a|dp < oo and g is bounded measurable, then [, gdllp = f(_) ag(z)p(dadz).
Proof. O

Theorem 554. Fix the sample (z;,y;) ¥, with |y;| < Yyae (A, 8) and M > 1; let piy; be the minimizer
of F y and let (11,), be ergodic to the empirical M-particle Gibbs measure 7, (Assumption (E)). For
every bounded measurable g with ||g| .. < C and every ¢ > 0 there is t_ such that fort > t,

Cy(Yimaxs A, B)
/gdeg—/gde}*\, QT

with the constant of Definition 135, which depends on the sample only through Y,,,.. (Theorem 550 for
the empirical feature, |y| y < Y and [ gdllpy = [ag(z)dpy.)

9) _
[Ht Ene = [Eltt = &

Proof. Step 1: the dictionary: ‘o_N"** minimizes the free energy of the empirical feature with target
‘y € L%(uniform)", and ‘|y|_N < Ymax".

Step 2: ‘thm:static-chaos-order* for the empirical feature.

Step 3: the constant is bounded uniformly in the sample. O
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Theorem 555. Assume the hypotheses of Theorem 427 and let, for every sample and every M > 1,
(uy’N )i=0 be a family of laws on OM ergodic to the empirical M-particle Gibbs measure (Assump-
tion (E); for the M -particle empirical noisy gradient descent this is the ergodic theorem). Let g be bounded
measurable, e > 0andé € (0, 1). Then for the (), ) and N, of Theorem 427, on the event of probability

at least 1 — 0 over the sample, for every M > 1

cN o9
limsup[‘/gdl’[pi”*]v_/gugd%’ < s —I—j,

t—00 VM 3
' ) ’ i — f 2e | C(VmaodoB) ’
in the form: for every e’ > 0, eventually int, k,, | [gdllp, — [ gugdyy| < e 4 o +¢,

with the constant of Definition 135. (The triangle inequality (??) at fixed (M, t), integrated over ,: the
second and third terms are deterministic on the event of stage (2) and bounded by /3 each, and the first
is Theorem 554.)

Proof. Stage (1) at ‘(A, B)".
Stage (2) at ‘(A, f)°, on the event ‘E’_§".
Stage (3) for the sample ‘w* (labels bounded by “Ymax‘ on ‘E’_5").
The triangle inequality ‘eq:three-stages’, integrated over ‘u_t". O

Theorem 556. Under the hypotheses of Corollary 555, since C (Y, A, B) does not depend on the
sample, there is My = M (€; Yinaxs A, B, g) such that on the same event of probability at least 1 — 0, for

every M > M, eventually int, E,, |[ gdIlpy — fgug dv,| < & that is,

2
limsuplimsup[E‘/gde%N—/gugduo < “ce

M—oo  t—o0 3
(M, := max{[(6C,/e)?],1} gives C,//M < ¢/6; take =’ = ¢/6.)
Proof. O
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Chapter 9

Explicit geometry of the limit

Section 11 of the paper: for inputs uniform on the circle and a Gaussian hidden law the kernel K, is
zonal and is diagonalized by the trigonometric system; representability, the canonical ridgelet trans-
form and the source condition are read off from the Fourier coefficients.

Definition 557. Let Py = 7 be the normalized arc-length measure on S' = R/27Z, i.e. the Haar
probability measure of the additive circle.

Definition 558. For § € R/27Z let z(0) := (cos 6, sin ) € R?, identified with ¢’ € C = R2.

Definition 559. Leto: R — R be measurable with |o| < 1 (tanh or erf). The feature on S! with
hidden parameter z = (w,b) € R? x Ris p,(z(0)) := o(w- () — b) = o(w, cos O + wy sin —b), a
feature map in the sense of Definition 1.

Definition 560. V(0,02 I,) on R?, the law of o,,G for a standard Gaussian vector G of R2.

Definition 561. The hidden law is v, = N (0,02%1,) ® N(0,07)on Z = R* x R, 0, > 0,0, > 0
(for o;, = 0 the bias law is ¢,).

Definition 562. For afeature map p andv € P(Z) the kernel functionisk, (z,z") f 0, (x)p, (") v(dz).

Definition 563. The zonal function of the kernelis x(¢) = k,, (2(¢),z(0)), ¢ € R/27Z; by rotation
invariance of vy, k,, (2(0),2(6")) = x(6 — 0’), and k(¢) = F(cos ¢) in the notation of Theorem ??.

Definition 564. The real Fourier modes cos(¢6), sin(¢0) (¢ € Z) as elements of L%(7); H, =
span{1} and %, = span{cos ¢0, sin ¢0} for ¢ > 1.

Definition 565. The real trigonometric system (e, ), of L?(7): ey := 1, ¢, := /2 cos(¢f) for £ > 0
and e, := /2sin(£0) for £ < 0. It is an orthonormal basis of L?(7), {e,, e_,} is an orthonormal basis
of 70, (€ > 1), and | P, f|* = (f, e,)* + (f,e_¢)*.

Definition 566. 1, = ;- f R(cos @) cos(lg) de = [ r(¢)cos(lp) T(dep), £ € Z (even in £).

Definition 567. a,(s) := Eg.,[0(sG)h,(G)] for k > 0, s > 0, where v = N(0,1) and hy, =
He, /\/k! are the normalized probabilists’ Hermite polynomials.

Definition 568. r,(p) :== >, a,(s)%p*, p € [—1,1] (the dual activation of Daniely et al.); the
series converges absolutely since ), a;.(s)* = ||o(s-)|\i2w> < o).
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Definition 569. erf(u) := f f ~* d¢; it is odd, continuous, real analytic and | erf| < 1.

Theorem 570. For |z| = ||2’|| = 1and 2 =02 40} >0, thepairU = (w-z—b)/s, U =
(w-a' —b)/sis, under vy, = N(0,021,) ® N(O O’b) a standard Gaussian pair with correlation
p = (02 x -1’ + o})/s> (Both are centered Gaussian vectors with unit variances and covariance p;
compare the characteristic functions.)

Proof. ‘|p| < 1° by Cauchy-Schwarz.
The left-hand side: ‘exp(—(c_w?2 ||(ax + x’)/s|? + o_b% (o + B)/s)2)/2)".
The right-hand side: ‘exp(—((a + Bp)? + f2(1 — p2))/2)".
= a2+ 2afp + . O

Theorem 571. Fors® = o}, +0; > 0and 0,0’ € S', k, (x(0),2(0")) = >°,_, a,(s)?p* = k,(p)
with p = (02 x(0) - (0") + o7)/s*: the pre-activations U = (w - z(0) — b)/s, U = (w-z(0)—b)/s
form a standard Gaussian pair with correlation p (Lemma 570) and E[¢p(U)o(U’)] = 3, a;(¢)?p" for
¢ = o(s') € L*(vy) (Lemma 919).

Proof. O

Theorem 572. For f € C''(R)with f and f’ bounded and everyn > 0, [ f He,, ., dy = [ f' He,, dv:
since He, ., = XHe, — He, and (He,v) = (He, — XHe,)~, this is the integration by parts
| f(XHe, — Hel,)y = | f'He,~ (the boundary terms vanish by the Gaussian decay).

Proof. Integrability of ‘f P ¢‘ and ‘f” P ¢ for polynomials ‘P‘.
The integration by parts on the line: ‘[ uv’ = — [ u’v".
Translate back to Gaussian integrals: ‘[ X He_ndy = [ f He_ndy + [ fHe_n’ dy". O

Theorem 573. Forb > Oandv = (14 2b)7%, [ He,(y e’ y(dy) = o (1 —v)"/2He, (0): the
density y(y)e " is /v times the density of N'(0,v), and [E[Hen(\/iG)] = (1 —v)™?He,(0) by the
Gaussian smoothing identity.

Proof. O

Theorem 574. - j{fﬂ cos™ ¢ cos(f¢p) dp = 2*”(@_"2')/2) for|¢] < n,n ={ (mod 2), and 0 other-

wise (binomial expansion of cos” ¢ = 27" (e'? 4 e~**)" and orthogonality).
Proof. O

Theorem 575. Fors®> = o, + 0} > 0,1, = 3, ¢ ak(s)QcM with ¢;, , := [ p(¢)* cos(£p) T(dg),
p(¢) = (02 cos¢ + of)/s* (dominated convergence in y, = [ r(¢)cos({ep)(dp) with k(¢p) =
>, ar(5)2p(9)F, the terms being bounded by the summable ay,(s)?).

Proof. O

Theorem 576. If f € L?(v) is not y-a.e. equal to a polynomial, then a,( f) # 0 for infinitely many k:
a finite Hermite expansion is a polynomial, by the completeness of the Hermite polynomials.

Proof. O

Theorem577 Forr € L*(Py), Py-a.e.inz, (K,r)(x fx (x, 2" )r(z") Py (dz")withk, (z,2") =
[ ¢.(x)p.(z") v(dz) (Fubini in Lemma 194; the mtegrand is bounded by |r(z")|).

Proof. The integrand ‘(z, X") — ¢_z(x) ¢_z(X") 1(x’)‘ is integrable on ‘v ® P*. O
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Theorem 578. The hidden law v, = N (0,02 1,)@N (0, 07) is invariant under the rotations (w, b)
(Rw, b) of the weight, R € SO(2).

Proof. O

Theorem 579. k, (x(0),z(0")) = k(0 — 0') with the zonal function r of Definition 563: rotating the
weight w by the angle ¢’ leaves v, invariant and moves x(0), z(0") to x(60 — 6"), z(0).

Proof. O

Theorem 580. K, is the convolution operator g [ #(0—6")g(0") 7(d6’) on L?(7), so cos(¢0) and

sin(¢6) are eigenfunctions with eigenvalue i, = 5- fo% R(cos ¢) cos({¢p) Ao, the (th Fourier (cosine, by
evenness) coefficient of k: K, =3, j1, .

Proof. O
Theorem 581. The real trigonometric system (e,) ., of Definition 565 is orthonormal in L? (7).
Proof. O

Definition 582. The real trigonometric system (e, ), is an orthonormal basis of L?(7): a function
orthogonal to all cos(¢6), sin(¢6) has vanishing complex Fourier coefficients, hence vanishes.

Definition 583. Let (¢;),.; be an orthonormal basis of L?(Py) with K, e, = p,e;. The singular

vectors of S,, are v; := uzl/QSiei for p; # 0.
Theorem 584. Let (e;),.; be an orthonormal basis of L?(Py) with K, e; = pe; (so p; = ||Sie;|* €
[0,1]). Then f € ranS, <= > pu;'(f,€;)? < coand (f,e;) = 0 whenever yu; = 0. In that

case ug = Sif = > 1i H(f,e;)Sie;, the series converging in L*(v) with mutually orthogonal terms,

and |u]) 1oy = 2, 1i H(foe;)? (Singular system: v; = 1; V/2S%e, is orthonormal with S,v; =
u}/2ei; “="is Bessel’s inequality for ,ui_1/2<Suu, e;) = (u,v;), “<="is the termwise synthesis of u =

> 1; "2 (f, e;)v;, which lies in tan 5}, = (ker S,)*.)

Proof. O
Theorem 585. 0 <y, <1 forevery {: p, = S}, e,|* and ||S;, || < 1.
Proof. O

Theorem 586. Assume 1, > 0 for all £ (by (ii) this holds when o, > 0 and o is not a polynomial).
Then f € ran S, <= 3,y [Pofl7(r < oo, where [P f|> = (f,e,)® + (f,e_,)? in the real
trigonometric basis (e,) e of Definition 565, i.e.>, _, pgt(f, e,)? < oo. (Lemma 584 for the eigenbasis
of Theorem 580.)

Proof. O

Theorem 587. Under(R), ul = S5, f =Y, ni (f.e0)S%e, = 3, g 1S* Pofo with (S*e, ) (w, b) =
L %7 5w,y cos O + wysin® — b)e,(0) db, the series converging in L*(v,) with mutually orthogonal
2w Jo 1 2 4 0

terms, and [uf[2., | = = ey 17 (fr0)% = X g 17 1P F I

Proof. O
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Theorem 588. Under (R), Theorem ?? (\,, — 0, k,, — 0) gives m}, — ug in L*(vy) and Ilp}, — u;r)uo
in total variation the learned conditional mean amplitude converges to the explicit weighted ridgelet
transform “o D oMy 1S* P, f of Theorem 587, the T-weighted ridgelet transform S* with the activation
as filter applied to the sharpened target K, ' f = 3, 11, ' P, f.

Proof. O

Theorem 589. Forallz,z’ € R™, k, = [e.(@)p. (2" )v(dz) = 32, ar(s.)ak(s, ek,

the series converging absolutely; on the cm:le s, = sand H((b) = R(cos ) = k,((02 cos¢p + o2)/s?).
(In Lean: the case |z| = ||«’| = 1.)

Proof. The pre-activations at ‘x(¢)‘ and “x(0)‘ form a standard Gaussian pair with correlation ‘p(¢) =
(o_w?2cos ¢ + g_b2)/s2*, and the Mehler-type identity gives x(¢) = >__ka_k(s)? p(¢) "k =x_s(p(p))".
O

Theorem 590. 11, =37 _, ;o 2 "((, ) Withe, =37, ap(8)2(F) (02 /s?)" (0 /s2)k
expand R(t) = > c,t" (nonnegative coefficients, Tonelli) and insert i fo% cos”™ ¢ cos(fpp)dp =
277 ")

(n—0)/2

Proof. ‘u_¢=>_ka_k?c_k,¢*with‘c_k,£ = f p"k cos(¢-) dt’, expand ‘p"k‘ binomially and rearrange
the double series of nonnegative terms (‘mercerEigenvalue_eq_tsum_zonalPowerCoeff®), then insert
the Fourier coefficients of ‘cos”n‘ (‘lem:cos-pow-fourier®). O

Theorem 591. Ifo, > 0and o isnot(a.e. equal to) a polynomial, then p, > 0 for all ¢, K, isinjective
andran S, = L?(7). (A non-polynomial o has a,(s) # 0 for infinitely many k, so every c,, > 0 and
/’Lé 2 C€27£ > 0.)

Proof. Step 1: ‘o(s-)" is not ‘y‘-a.e. a polynomial, so ‘a_k(s) # 0° for some ‘k > |¢|* (completeness of

the Hermite polynomials).
Step2: ‘w_€=>_ka k?c_k,£>a_k?c_k,£>0,since ‘c_k,£ >0 for ‘k > |¢|when‘c_b>0". O

Theorem 592. Assume 1, > 0forall(. Fora € {1/2,1},u} € ran((S; S,,)") = X,y 12 fen)?
oo (= Ze>o g 2 | P, f|*), the source condition (SC,) of Definition 139for some source norm G. (In

the singular system of Lemma 584: a = 1/2is f € ran K, ,a = 1is f € K, (ranS, ), both read off
the coordinates (e,, K,, g) = (€, 9).)

Proof. O

Theorem 593. Assume 1, > 0 forall (. Foreverya > 0, u} € ran((S; S, )*) = X,y 12 fren)?
oo, where T is the spectral power of Definition 164. (In the singular system, Tyv, = p,v, and (T;)*
maps v, = pgv, on (ker S, )+ and vanishes on ker Sy

Proof. O

Theorem 594. Ifo, = 0 and o is odd, then yi, = 0 for even ¢, and ran S,, consists of odd functions.
(k(¢+m) = —r(¢), s0 g = [ (¢ + 7) cos(l(¢ + 7)) T(d¢) = —pu, for even (.)
Proof. O

Theorem 595. Foro = erf: ay;(s) = 0and ayj,q(s) = f]<\/1)2;-2{-]1) sz”);l/z j > 0); in particular

a,(s) = %\/ﬁ (Gaussian integration by parts, Vk! a;(s) = s*E[c'F)(sG)], and the generating
function of the physicists’ Hermite polynomials.)
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Proof. O

Theorem 596. For o = erf, k,(p) = 2Zarcsin ff;spz, hence on the circle k(¢) = R(cos¢) =
2 arcsin %, s* = 02 + o? (the arcsine kernel of Williams 1998; the series of Lemma 595

is the Taylor series of the arcsine).
Proof. O

Theorem 597. Foro = erfand o, > 0 therearen > 0and C < oo with yi, < Ce ": ¢ - &(cos ¢)
is 2m-periodic and holomorphic on a strip |Ip| < n, since |2(o2t + 07)/(1 + 2s%)| < 1on [—1,1], and
its Fourier coefficients decay geometrically.

Proof. ‘u_¢ <> _k>|¢|a_k(s)><(2/m)> . _k>|¢|q"k=(2/(m(1 — q))) q*|€| with ‘q = 2s2/(1 + 2s2)
< 1¢, from the explicit Hermite coefficients of erf (‘mercerEigenvalue_erf le_pow®); take n = —log
q-. O
Theorem 598. For o = erf, o, > 0, (R) implies 3, ¢""| P, f|> < oo for some n > 0, so f is real
analytic in 0 (holomorphic extension to a strip |30| < n/2): | P,f|* < |ub|2u, < Cllud|2e 4,

Proof. O

Theorem 599. For ¢ = tanh and o, > 0, u, = O(|(| ) for every p > 0: Y, k*Pay(s)® =
|N? tanh(s-)|3. () < 00 for the Ornstein-Uhlenbeck number operator N, so ¢ + F(cos @) is C'*
and its Fourier coefficients decay faster than any power.

Proof. ‘f = tanh(s-)* is smooth with bounded derivatives ‘s*i tanh”(i)(s-)".

With ‘m =p[, ", ‘u_€ <||f*(m)|2/(|¢] — m + 1) m* for ‘|| > m‘ (‘mercerEigenvalue_le_of_smooth’,
by iterated Gaussian integration by parts).

Large ‘|¢|: ‘(|¢| — m + 1)"-m < 2"m |¢|*-m < 2*m |¢€|"-p".

Small ‘|¢] < 2m* ‘u_¢€ <1 < C [€|"-p'. O

Theorem 600. Foro = tanh, o}, > 0, (R)implies ), |(|P| P, f|* < oo foreveryp, so | P,f| = O(|¢|?)
forevery pand f € C>°(S%).

Proof. O
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Chapter 10

Heavy-tailed hidden laws and
Sobolev-type representability

Section 12 of the paper: for m = 1 and o = tanh, the truncated homogeneous hidden law 1/6”
with density [w|®~! on a box, whose kernel converges to the sign-network kernel K(*)(z,z") =

1 —c,|z — 2’| as L — oo; representability becomes f € H! in the limit.

Definition 601. For afeature map pandv € P(Z), the kernel functionis K, (z,z") := [ ¢, (x)p,(z") v(dz),
the integral kernel of K, = S, S (Definition 18).

Definition 602. (Conventions of Section 10.) m = 1, the hidden parameter is z = (w,b) € Z = R?
and ¢, (z) = tanh(wx — b); this is a feature map in the sense of Definition 1.

Theorem 603. For m = 1 the feature ¢, ;) (z) = tanh(w'z — b) of Definition 5 is tanh(wyx, — b)
under R' =~ R.

Proof. O

Definition 604. C,, (2 + 22+ 3 2+a> + 2l ) +1(??).
Definition 605. 7, := Ci =12 ().

Definition 606. M := [ L

s w* !t dw = £2=L= (Lemma 649).

Definition 607. 7, :=4LM,; = % the value of fB |w|*~1 dw db (Lemma 649).
L

Definition 608. The annulus A; := {w € R: 1/L < |w| < L} in the scale variable, so that
B, =A; x[-L,L].

Definition 609. B; := {(w,b): 1/L < |w| < L, |b| < L} (7).

Definition 610. Let0 < o < 1and L > 2. The truncated homogeneous law is 1/0 (dw db) :=

Zi M w|* Mg, (w,b) dwdbwith By, = {(w,b) : 1/L < |w| < L, [b| < L}and Z; = I 5, |w]*~t dwdb

).

Definition 611. K" (z,2’) := K (o) (x,2") = [tanh(wz — b) tanh(wz" — b) Vém(dw db) (Defini-
0

tion 610).
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Definition 612. The sign feature with threshold ¢ € Ris ¢,(x) := sgn(z —t) (= Oatz = t), a
feature map on Z = X = R (Remark 655).

Definition 613. w := U[—{,,(,], the uniform law -4 30 L on[—¢ (Remark 655).

[e2inge a? Ot]

Definition 614. (Conventions of Section 10.) X' = [—1,1] and Py (dz) = 1 dz on [-1,1], so that
(Al) holds with Ry = 1.

Definition 615. K(*)(z,2'):=1—c |z — 2’| = 1 — % |z — 2’| (Theorem 676).

1+o

Definition 616. scoths = szgflhs for s # 0, extended by its limit 1 at s = 0 (the value of the bias
integral (??) divided by 2).

Definition 617. 1,(S) := [~

|, (scoths— 1)s® tdsfor S > 0(??).

Definition 618. .J

(S) = fos 257 ds (22).

e2

Definition 619. D,, := [~ 27 ds = 27°T(1 + a){(1 + ) (22).

eZs—1
Definition 620. ¥, (d) := ji/L wd coth(wd) w*~! dw for d # 0 and ¥ (0) := M, (??).
Definition 621. E, (w;x, 1) := f\b|>L [1 — tanh(wz — b) tanh(wz” — b)] db (??).

Definition 622. &, (z,2') := Ep(wyz,2’) |w]*™t dw (2?).

ji/Lg\w\SL

Definition 623. T} := W (Theorem 676).

Definition 624. T, := %M (Theorem 676).

Definition 625. T} := W (Theorem 676); in Lean 0% = 0, s0 T3 = 0 at d = 0 (the paper
takes the limit + + 7} there).

Definition 626. T, := % (Theorem 676).

Definition 627. T} := SIL:]E\/II (Theorem 676).

Definition 628. C,, = == (2 + £ + 325 + 217 ) +1(?2).

(L] (max(L

Definition 629. For L € Rputy,” = 1 ) (Definition 610); this is 1/0 )for L > 2and a
probability measure for every L, so that the limits . — oo can be taken along all real (or natural) L.

Definition 630. For A > 0 and f € L?(Py), R( f= S (K + )71, ie. (R((><> )(w,b) =
[ tanh(wz — b) [(K(*) + \)~1 f](2) Py (dz), where S* is the analy51s map of the tanh feature and
K> the kernel operator of the sign network (??).

Definition 631. For f = K(*®)g € ran K(*) (with ¢ € L?(Py) unique by injectivity), ul, :=
SH(K(®) 1 f = S*g,ie. ul(w,b) = [tanh(wz — b)g(z) Px(dx) (?2).

Definition 632. The integral operator of the limit kernel on functions on [—1, 1], K(®)g(x) :=
fjl K (z,2")g(2") Py(dz') = f 1—c,|lz —2'|)g(x") dz’ (Theorem ??).
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Definition 633. Tg(z) := f |z — y|g(y) dy, so that K(*)g = (g, 1) 12(4z) — 5 Tg (proof of The-
orem ??).

Definition 634. (K(*®)g)’(z) = — (fz g— f_l g), the derivative of K()g = % [g— S Tg with
(Tg)'( f 9— f g (proof of Theorem ??).
Definition 635. »f, the unique root of  tan » = ain (jm, jm + 3) (Theorem ?2(iii)); X = {5} ;o

Definition 636. »y;) := »§ and »(5;,1) == (j + 1), the increasing enumeration of X U X
(Theorem ??(iv)).

Definition 637. ;= %CTQ the eigenvalues of K(>) in decreasing order (Theorem ??(iv)).
(k)

Definition 638. k., (L) := | \/2¢,/(7%c;)| — 1 (Theorem ??(b)).

Definition 639. For a bounded operator A on a real Hilbert space and a subspace V, my,(4) :=
inf ey g— 1{Ag, g) (proof of Theorem ??(a)).

Definition 640. 1, (A) := maXgiy v _j1 MiDgey 1g-1(Ag, g), the min-max value; for a compact
self-adjoint positive operator it is the k-th eigenvalue in decreasing order (proof of Theorem ??(a)).

Definition 641. Forv € P(Z), X > 0and f € L?(Py) the resolvent quadratic form is QX (f) =
(f, (K, + N7 f)2(p,)» where K,, = S,S} is the kernel operator and (K, + A)~" its resolvent
(Definition 19). Equivalently, with ¢ = (K, + A\)7'f, QX(f) = [S*gl72(,, + Algl72p,); and
3Q5(f) = minyc 2, [51S,u — fI? + 5 |ul’] (Proposition ?2).

Definition 642. f € H'(—1, 1) withweak derivative gif g € L?(Py)and f(z) = f(—l)—i—fjc1 g(t) dt
for all z € [—1, 1] (absolutely continuous with an L? derivative; g = f’ is unique a.e.). H*(—1,1) is
the set of f admitting such a g.

Definition 643. f € H?(—1,1) with f' = gand f” = hif f € H'(—1,1) with weak derivative g
and g € H'(—1, 1) with weak derivative h.

Definition 644. For f with f’ = g continuous on [—1, 1], the boundary conditions of (??) are f'(1) =
—5(f(1) + f(=1)) and f'(—1) = +5(f(1) + f(=1)).

Definition 645. For f € H'(—1,1) with f' = gand ¢, : f(le( ~ ||f||5{ = 12| £ ||L2 (Py)

(1+a)cg (72), where | /2.5, = & [ /(x)*du.

Definition 646. For f € H'(—1,1) with f’ = gand ¢, = [P ol () = Lragyn | (8) +
(T4 a)eg[1 g, —1)(t) =110, (t)] (7).

Theorem 647. Fors #+ 0, 2scoth s = 2|s| + e;ﬂﬂl 7).

Proof. O

Theorem 648. Fora > 0Oand L > 1, fl/Lg\w\gL |w|*~t dw = 2M (Lemma 649).
Proof. Step 1: split the annulus into the two intervals.

Step 2: the positive part is ‘ [_1/L"L w"a—1 dw = M_L".
Step 3: the negative part equals the positive one by ‘w - —w*. O
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L
1/L

Theorem 649. With M; :=
ALM, = AL(L*—L7%) ().

weldw = L2222 7, = Jp, lwl* "t dwdb = 2L - 2M; =

Proof. Step 1: the box is a product and the integrand depends on ‘w* alone.
Step 2: the bias interval has length 2L°. O

Theorem 650. Fora > Oand L > 1, uéL) is a probability measure: j;B lwletdwdb = Z,
L
(Lemma 649).

Proof. Step 1: the lower integral is the Bochner integral of the nonnegative density.

Step2: ‘[_B_L |[w|*a—1=Z_L". O
Theorem 651. Fora > Oand L > 1, v\" ({b] < |w|}) = 1o L2 (99); it tends to ¢, as
L — oc.

Proof. Step 1: the mass is the Bochner integral of the density over ‘|b| < |[w| N B_L".
Step 2: Fubini: the inner integral in ‘b‘ over ‘[—|w|, [w|]‘ gives 2|[w|*a‘ on the annulus.

Step 3: ‘[_1/L < |w| < L 2|w|*a dw = 4 M_a+1,L". O
Theorem 652. Foru,,u,,b € Rand s := u; —u,, 1 —tanh(u, —b) tanh(uy,—b) = cosh(b—qf:))sgossh(b—uQ)
).

Proof. O
Theorem 653. For uy, u, € Rwith s == u; —uy # 0, [ cosh(bfulfi’osh(bfuz =25 (7).

Proof. O
Theorem 654. Foru;, u2 € Rand s := u; —uy, 1 —tanh(u; —b) tanh(uy —b) = G Seanm u2>

f[R Cosh(bfulfgosh(bfu{z) 2 hencef [1 — tanh(u; — b) tanh(uy, — b)] db = 2scoth s = 2|s| + 2‘ ‘ -

(s +0;,=2fors=0).

Proof. Step 1 (‘s = 0°): the integrand is ‘1 — tanh2(b — u;) = (tanh(b — u;))’* and ‘tanh(*oc) = +1°.
Step 2 (‘s £ 0°): ‘cosh s - 2s / sinh s = 2 s coth s". O

Theorem 655. Forw :=U[—(,,{,]andx, 2" € [-1,1], f - sgn(:r t)sgn(z’—t) A = 1— ‘I Al

K (z,27) (?7).

Proof. O

Theorem 656. For|z|,|z’| <1, |w| < Land g,,(b) := tanh(wz —b) tanh(wz’ —b), E; (w; z,z’) :=
fb\>L[ — gu(b)] db € [0, 4e72(L1wD] (99).

Proof. Step 1: split ‘|b| > L’ into the two half lines.
Step 2: the halfline b > L" *[_L" oo 4 e"2|w]| e*—2b db = 2 e"2|w| e"—2L".
Step 3: the half line b < —L": *[_—o00o”—L 4 e"2|w| e"2b db = 2 e"2|w| e"—2L".
Step 4: sum the two bounds. O

Theorem 657. ForS >0, J,(S) > 0.
Proof. O

Theorem 658. For0 < aand S >0, J,(S) < S/a (from 2 ; <1
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Proof. O

Theorem 659. For(0 < aand S >0,.J,(S) <D, = fo‘” 2% ds < 00 (??).

Proof. O
Theorem 660. For S >0, I,(S) > 0 (the integrand (s coth s — 1)s*~1 is nonnegative).

Proof. O
Theorem 661. For0 < aandS >0, I,,(S) <3 52 2 (from the Langevin bound s coth s—1 < s2/3).
Proof. O

Sl+|1

Theorem 662 For() <aandS >0,1,(5) = 9
s — s b4 25 7, each term being integrable at 0.

— 52+ 7, (S) (?7): integrate (s coth s—1)s2~! =

Proof. Step 1: the pointwise identity of the integrands on ‘[0, S]‘ (at ‘s = 0° both sides vanish).
Step 2: integrate term by term. O

Theorem 663. For L > 0and g,,(b) = tanh(wz — b) tanh(wz’ f gw b)ydb = 2L — [(1 —
9y)db + Ep (w;z,2") = 2L — 2wd coth(wd) + E; (w; z, ") Wlth d=xz—zx (("”) @M).

Proof. Stepl: ‘[ _[RQ—gw)= [_|b|>LQ—-gw)+ [_[-L L] (1 —-g w).
Step2: ‘[ _[-L,L]g w=2L— [_[-L, L] (1 — g w)" O

Theorem 664. Z; K'")(z,z) = [ tanh(wz — b) tanh(wz’ — b) [w|*~" dw db (Definition 610).
L
Proof. O

Theorem 665. For(0 < a, L > land z,z’ € [-1,1],d = x —a’: Z, KW (x,2’) = 2L - 2M —
4V, (d)+ & (z, ") (Fubini over B, the inner integral of Lemma 663, and the evenness of wd coth(wd)
inw).

Proof. Step 1: Fubini over ‘B_L = A_L x [-L, L]".
Step 2: the inner integral (‘lem:ht-inner-bias-integral®).
Step 3: split the outer integral into its three parts.

Step 4: ‘ [_A_L (wd) coth(wd) [w|*a—1 dw = 2 ¥_L(d)‘ by evenness. O
Theorem 666. For0 < o, L > 1, 2,2’ € [-1,1]andd = 2 — 2/, KF)(z,2’) =1 — ‘Iﬁv([i) + gj,-f%i/>
.

Proof. O

Theorem 667. For0 < a <1, L >2andz,z’ € [~1,1,0 < &, (z,2") < 23 *L*1 4 8e LM,
M:by(??), &, <8 flfL e 2wy dw; on [1/L, L/2), e 2% < =L and on [L/2, L], w* ' <

(L/2)* and fLL/2 el gy < L,
Proof. Step 1: ‘E_L < 4 e”—2(L — [w])* pointwise (‘lem:bias-truncation®).
Step 2: evenness and ‘{w| = w*‘ on ‘[1/L, L]".
Step 3: split at ‘L/2".
Step 4: on [1/L, L/2]", ‘e"—2(L — w) < e*—L‘and ‘[_1/L L/2 w*a—1 < M_L".
Step 5: on [L/2, L], ‘w*a—1 < (L/2)*a—1‘and ‘[ _L/2"L e"—2(L — w) < 1/2°. O
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Theorem 668. U, (0) = M, (??).
Proof. O

Theorem 669. For0 < o, L > landd # 0, ¥, (d) =
|d|~*[I,(L|d|) — I,(|d|/L)] (2?) (substitute s = w|d|).

1/Lwalcoth(wd) w*tdw = M, +

Proof. Step 1: on ‘[1/L, L], ‘(wd) coth(wd) w*a—1 = wra—1 + |d|*"1—a (s coth s — 1) s"a—1° with ‘s
=|d| w".

Step 2: the first part is ‘M_L".

Step 3: the substitution ‘s = |d| w". O

Theorem 670. For0 < o < 1, L > 1, 2,2’ € [-1,1]withd = z — 2’ # 0, KV (z,2’) —
KN (z,2") = Ty — Ty — Ty + T, + Ty (22): insert (2?) and (??) into (??) and use LM; = L”“( -
L72%)/a.

Proof. Step 1: the powers of ‘L‘ and ‘|d|* in terms of ‘A = L*a‘ and ‘B = |d|"a".
Step 2: clear denominators. O

Theorem 671. For0 < o, L > landz € [-1,1], K'Y (z,2) = 1 — 1 + Ty (Theorem 676;
U (0) = Mp).

Proof. O
Theorem 672. For0 < aandL >1,0<T,; < L(1+L*2a> (from J(S) < S%/a).

Proof. Step 1: ‘|d|*—a J_a(L|d]) < |d|*—a (L|d])*a / o = La / o,
Step2: 1/(L (1 —L"—2a)) =L /) / (LM_L)". O

Theorem 673. For0 < cand L >1,T; < % (from J, < D,).
Proof. O

Theorem 674. For0 <o, L > land|d| <2,0< T, < W& (from I,(S) < S;: ); this

is sharper than the bound #ﬁjﬁza) stated in Theorem 676.

Proof. Step 1: ‘|d|*—a I_a(|d|/L) < |d|2 L"—2—a / (32+a)) < 4 L N—2—a / (32+))".
Step 2: divide by ‘L M_L = L M +a(1 — LA —2a)/a’. O

Theorem 675. For0 < a<1,L>2andz,z’ € [-1,1,0< Ty < 21 C;:aéaz

Proof. O

Theorem 676. Let K(*)(z,2') := 1 — ¢ |z — 2/|. ForO <a<lL> 2andx ' e [-1,1],
|K) (2,2") — K (z,2")| < Cu L™ 12 with C, = 15w (2+ £%5 + 3054 tal-a @) +1(2):
the sum of the bounds on T}, ..., Ty with 1 — L2 > 1 — 2722 |d| < 2 and 2¢~ < 1; on the diagonal

KB (z,2)—1=—++T.

Proof. Step 1: ‘1/(1 — L"—2a) < Q :=1/(1 — 2"=2a)", ‘Q > 1".
Step 2: L=k < P := L "—min(1, 2a)‘ for ’k > min(1, 2a)".
Step 3: the five bounds in the form ‘T, < c, Q P*.
Step 4: sum the bounds (off the diagonal) or use ‘KN(L)(x,x) =1 —1/L + T5". O
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Theorem 677. For0 <o <landL >2sup, ., 4 |K ) (2, 2")— K (z,2")| < C, L~ min(1,20)
@)

Proof. O
Theorem 678. Forx + Oandx € [—1,1], T[sin % -](x) = —% sin »z+ 2“’%3’ (proof of Theorem 7?).
Proof. O
Theorem 679. For» #+ Oand x € [—1,1], T[cos» -|(z) = — 2 cos wa + 2502 4 2687 (progf of
Theorem ??).

Proof. O

Theorem 680. (Theorem ??(iii), odd case.) If » > 0 and cos » = 0, i.e. » € X° = {(j + 3)7}, then
K®)[sinx ] (z) = %% sinwa forz € [—1,1].

Proof. O

Theorem 681. (Theorem ??2(iii), even case.) If » > 0 and nsinx = «acosu, i.e. ntan» = «, then
K©)[cos»|(z) = %% cos ua for z € [—1,1].

Proof. O

Theorem 682. For o > 0 and j > 0 the equation » tan » = o has exactly one root »; in (jm, g7+ 5):
w tan » is continuous and strictly increasing from 0 to +oc there (proof of Theorem ??(iii)).

Proof. O
Theorem 683. S € (jm, jm + 7 <) for j > 1 (Theorem ??(iii)).

Proof. O
Theorem 684. (x()? < a (Theorem ??(iii)).

Proof. O

Theorem 685. (Theorem ‘7‘7(iv) @.) %“ < < “”1 T forallk > 0, and w1, is strictly increasing
(interlacing w§ < 5 < n$ < 2T < .).

Proof. O
Theorem 686. Fork > 1, m < (K < Fope = 12 (M and 1 < gy < 1. In
particular j1), < k2, and the exponent does not depend on c.

Proof. O

Theorem 687. (Theorem ?2(i), injectivity.) If g € C[—1,1] and K(®)g = 0 on [—1, 1), then g = 0:
K>)g = (g,1)1— S Tgwith (T'g)” = 2g, so differentiating twice gives —c, g = 0.
Proof. Step 1: ‘(K*(c0) g) = 0°on ‘(—1, 1)".

Step 2: ‘(KN0) g)” = —c_ag=0°0on (-1, 1)".

Step 3: extend to [—1, 1]° by continuity. O
Theorem 688. (Theorem ?2(ii).) If 1 > 0 and g € C[—1,1] satisfy K> g = pgon [—1,1], then g is

twice differentiable on (—1,1) and 1 g” = —c,, g there (??). (The paper states g € C*°[—1, 1]; the Lean
statement records C? on the open interval, which is what the exhaustion uses.)
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Proof. Step 1: ‘g’ = (K"(o0) g)’/u* on (-1, 1)".
Step 2: ‘deriv g’ coincides with ‘(K"(oc) g)’/u‘ near every interior point, whose derivative is ‘—(c_o/p)
g O

Theorem 689. Let » > 0, g € C[—1,1] with g’ € C[-1,1], ¢ = —x*gon (—1,1) and ¢'(+1) =
F5(g(1) + g(—1)). Then g = Asinnx + Bcosnx with Acos» = 0 and B(xsinx — acosx) = 0
(proof of Theorem ??(iii)).

Proof. Step 1: the difference ‘h = g — A sin xx — B cos xx‘ solves the same equation.
Step 2: the energy ‘E = h’2 + x2 h?‘ is constant on ‘(—1, 1) and vanishes at ‘0".
Step 3: hence ‘h = 0°and ‘h’ = 0° on ‘(—1, 1)', and on ‘[—1, 1]° by continuity.
Step 4: the boundary conditions at ‘+1° give the constraints on ‘A, ‘B*. O

Theorem 690. (Theorem ?2(iii), exhaustion.) If ;1 > 0 and g € C[—1,1], g # 0, satisfy K(®)g = g
on [—1,1], then p = c,/»> for some » > 0 and either cos» = 0 (» € X°)and g = Asinuz, or
wtany = a(n € X¢)and g = Bcos nzx, with A, B # 0. Hence the eigenvalues and eigenfunctions are
exhausted by Theorem ??(iii) and all eigenvalues are simple.

€ 9

Proof. Step 1: ‘g’ = (K*(00) g)’/u‘ on ‘(—1, 1), continuous on ‘[—1, 1], with ‘g” = —(c_a/u) g = —x2
g
Step 2: the boundary values ‘g’(+1) = F(a/2)(g(1) + g(—1))", from ‘w(g(1) + g(-1)) =1 —c_a) [
g and (K"(c0) g)'(+1) = F(c_a/2) [ g".
Step 3: ‘g = A sin xx + B cos kx‘ with ‘A cos x = 0°, ‘B(x sin k¥ — a cos k) = 0°.
Step 4: ‘cos x = 0° and ‘k sin x = a cos «‘ cannot both hold, so exactly one of ‘A’, ‘B‘is nonzero. [

Theorem 691. (Theorem ??2(i), positivity.) Forg € L*(Py), [[ K'*)(x,2")g(z)g(z’) Px(dx)Px(dz’) =
2
J (f sgn(z —t)g(z) Px( dx)) w(dt) > 0 (Remark 655 and Fubini).
Proof. Step 1: ‘sgn(x — t) sgn(x’ — t) g(x) g(x’)* is integrable on ‘P_ X ® P_X ® w*.
Step 2: ‘KMoo)(x, X) g(x) g(x’) = f sgn(x —t) sgn(x’ — t) g(x) g(x”) w(dt)* for ‘P_X ® P_X*-a.e. (x,

x’)* (‘rem:sign-network®).
Step 3: Fubini, and the inner integral factorizes into a square. O

Theorem 692. (Theorem ??(v).) Y-, , = Tr K(°) = 1: the odd part is >, m
part Zj(%§)’2 = 1 4+ 1 by the Hadamard factorization of »sin » — o cos .

= 1, the even

Proof. O

Theorem 693. For bounded operators A, B on a real Hilbert space and all k > 0, |p,(A) — i (B)] <

| A — B|| for the min-max values: the min-max principle and (Ag, g) < (Bg,g) + |A — B|| (proof of

Theorem ??(a)).

Proof. O

Theorem 694. The min-max values of K> on L?(Py) are 11,,(K>)) = “-, the eigenvalues of
(k)

Theorem ?? in decreasing order (min-max principle for compact self-adjoint operators).

Proof. O

Theorem 695. (Theorem ?2(a).) If | KX) — K(*)| < &, on L?(Py), then |, (K1) — i, (K| <
ep forallk > 0.

Proof. O
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Theorem 696. (Theorem ?2(b).) Let p, (K'")) satisfy |, (K")) — (K<°° )| < L for all k (part

(@). Then for1 < k < k(L) = [\/2¢,/(7%e;)] — 1, equwalently g < 7ﬂz<k+1)2, 7(,%1) <
p (K1) < e (22),
Proof. O

a 4

@

Theorem 697. Foru € L'(w)andx € [—(,,¢,), (Syu)(z) = [ sgn(z—t)u(t) w(dt) = %{ff u—
jj"‘ u] (the integrand is u for t < x and —u fort > z).

Proof. O

Theorem 698. Forr € L'(Py)andt € [—1,1], (S*r)(t) = [sgn(z —t)r(z) Py(dz) = %[ftl r—

1

f ]fort<—11tlsff randfort > litis—4 [ .

Proof. O

Theorem 699. Foru € L*(w), h := S_uisin H*(—1, 1) with weak derivative h’ = u/{, on (—1,1):
h(z) —h(—1) = + ffl u forz € [—1, 1] (Theorem ""(u) ranS_ C HY).

Proof. Both values are interval integrals over ‘[—¢_a, €_a]‘ split at ‘x‘ and at *—1°. O

Theorem 700. For f € H'(—1,1) with f = gand the representer ul, of (??), (S uL,)(a:) = f(x) for
everyz € [—1,1]: witha = (14a)cg, Spubs(w) = 51— [2a(0, —1)+4, (2 (2) = f(1) = f(=1))] = f(x)
(Theorem ??(ii), H' C ran S_).

Proof. Split ‘[_—¢"x"at ‘—1°and ‘ [_x"¢* at ‘1°, and evaluate the four pieces. O

Theorem 701. K(®) = S_S*: forr € L?(Py)and Px-a.e.x, (S S%r)(z) = L11 K©)(z,2")r(x") Px(dz’)
with K (z,2") = 1 — ¢, |z — 2’| (Remark 655 and the integral representation of S_S:).

Proof. O

Theorem 702. ranS_ = H'(—1,1) as classes in LQ(PX) F € L?(Py) is of the form S_u with
u € L?(w)ifand only if F has a representative f € H'(—1,1). (S_u is the primitive of u/(,,; conversely
f= SwuL, with the representer (7?).)

Proof. O

Theorem 703. kerS_ = {u € L?(w) : u = Oa.e.on(—1,1), f:el u = fle” u}. (Spu = 0if
and only ifthe H1 function h = S_u vanishes on [—1,1], i.e. b’ = u/l, = 0 a.e. on (—1,1) and
h(1) + h(— f 0 U ff = 0; the first condition uses the Lebesgue differentiation theorem.)

Proof. Step 1: ‘S_wu =0‘a.e. on [—1, 1], hence everywhere on ‘[—1, 1] by continuity.
Step 2: the primitive ‘[_—1"x u=¢_a (S_w u (x) — S_w u (—1))* vanishes on -1, 1]*.
Step3:‘S_wu(1)=1/2¢_ ) [[_—¢"-1u+ [_—1"u— [_1"¢u] =0"
The condition ‘u = 0° a.e. on ‘(—1, 1), as a Lebesgue-a.e. statement on ‘[—1, 1]".
Swu®) =1/2¢_a)[[_—¢*~1u+ [_—1"xu— [_x"u— [_1"¢u]=00n[-1, 1] O

Theorem 704. For f € Hl(—l, 1) the minimum-norm representer is S;f = uL, @: uL isa

representer of f and is orthogonal to ker S_, (by (v)), hence is the unique representer in (ker S_)*
(Lemma 384).
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Proof. O

Theorem 705. For f € H'(—1,1) with ¢, = {UH/CL, ||SLfH%2( =I5 = L21F 132, +
(1+ )G (). (uk|? = 3= [2 [ 2 do+ 2% with £, = 122, Lo =14 0a)

(e

Proof. O

Theorem 706. [ /]2, < M2 f'[2, . | + (1 + )| | since o] < /]

Proof. O
<

Theorem707. | f|72p ) < 41f /17240 +2¢0 since| f(z)—co| < 5(|f(x)—f(1)[+|f(x)—f(=1)])
1l L
2L1|f | < \/§||f HLQ(dw)’

Proof. Pointwise bound on ‘[—1, 1] ‘|f(x) — co| < A/2%, hence “f(x)2 < 2 (fx — )2 + 2¢¢2 < A%/2 +
2¢02 < G + 2¢p%".

Integrate the pointwise bound against the probability measure ‘P_X". O
Theorem 708. If f = K(®)g, with g, € L*(Py), then f € H?*(—1,1) with " = —c,g,, i.e.
go = (K7 f = =L f” and f'(1) = =5 (f(1) + f(—1)), f(=1) = +5(f(1) + (1) D).

(f = Syvwithv = 8% g, so f' = v/t by Theorem ??(ii) and v' = —g,; the boundary values come

fromv = +1 [ g outside [—1,1].)

Proof. ‘f” =v/¢_a € H!* with derivative ‘—gy/¢_a = —c_a g,".

K"(00) gg=S_w (S_w* gy)* and ‘S_w* g, = v a.e.

Boundary values: f'(+1) = v(+1)/¢_a = F m/(2¢_a)* and ‘f(1) + f(—1) = (1/¢_a)[ [_—€"—1v —
J_17ev]=((b_a—1D/¢_a)m’, m= [_—1" gy". O

Theorem 709. If f € H*(—1,1)with f'(1) = =5 (f(1)+ f(— ))andf( D) =+53(f()+f(=1)),
then f = K> gofO"g =~ 7 e L2(Py) (). (Shgo = Lof — S (F/(1) + /(- )) = Lo f

on (—1,1) and = j; (f'(=1) — f'(1)) = £(1 4+ a)c¢, outside, i.e. SLg, = ul,, and Swu = fby
Theorem 22(ii).)

Proof. ‘S* Gy = S* (—¢_a h)* pointwise (the analysis map only sees the ‘P_X"-class).
‘S* Gg=u_wt on ‘(—¢, —1) U(-1,1) U (1, €)’, hence ‘w*a.e.
‘te(—f_a, —1): ‘S* Gy (1) = —(Z_a/2)(’(1) — £(-1)) = (1+a) ¢y
te(=1,1) S*Gy(t) =¢_at'(t)— (_a/2) () + £(—1)) = €_a (1)
‘te(1,€_a): S*Gy(t) =(¢_a/2)(f’(1) — (1)) = —(1+a) ¢ O

Theorem 710. Let (p,v) and (', V") be two feature/hidden-law pairs on the same L?( Py ) with ker-
nelsk,, k.. If |k, (z,2") =k, (z,2')| < efor Px-a.e.xand Py-a.e.x’, then |K,— K, | 12(p, ) 12(p,) <

v 174 —

¢ (the proof of Lemma 754 only uses the bound almost everywhere).
Proof. O

Theorem711. For0 < a <1landL >2,¢e; = |[KX—K®)| 2 p | 12p ) <sup, el11] |K ) (z,2")—

K (z,2")| < C, L~ ™in(1.29) (99) where KW = S (1,5* ,, is the kernel operator of the tanh feature
128 vy

and K() = SSL that of the sign network (Remark 655). (Theorem 676, Remark 655 and Lemma 710,
since Px-a.e. x liesin [—1,1].)

Proof. O
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Theorem712. For0 < a < 1 [|K®—K®)|2p ) rap ) —= 0asL — oo (e, < C, L0122 —
0, Theorem 711).

Proof. O

Theorem 713. For0 < a < 1, A > Oand f € L2(Px), Q\(f) = Q) (f) as L — oo, where

QV(f) = (f, (KD + X1 f) and Q) (f) = (f, (K + A)"Lf) (Theorem 740 with e, — 0,
Theorem 712).

Proof. O

Theorem 714. If f € H'(—1,1), then Qf\m(f) = |fl32, as A | 0 (Lemma 749 and Theo-
rem 22(ii),(ii): f € ran S, and |SLf|? = | f3, ).

Proof. O
Theorem 715. If f ¢ H'(—1,1), then Qf\w>(f) — 400 as A | 0(Lemma 751 and Theorem ?7(ii)).
Proof. O

Theorem 716. For f € H'(—1,1) and A > 0, Q\°(f) < ||szf”%2(w> = | fI5_ (Lemma 745 and
Theorem 705).

Proof. O
Definition 717. For A > 0 and f € L?(Py), lim;_, Qs\m(f) denotes the limit of L — Q&L)(f)
along L — oo (Theorem 713: it exists and equals QE\OC) (-

Theorem 718. For0 < o < land f € L?(Py),

lim lim Q' HY(-1.1
;fngI;oQA (f) <o0 <= feH'(-1,1),

in the sense that A +— lim; _, Qs\m(f) = S\w(f) (nonincreasing in \) is bounded on (0, c0) if and
only if f has an H'(—1, 1) representative. This is the precise meaning of “in the limit L — oo, (R) is
equivalentto f € H L» (Theorems 713, 714, 715.)

Proof. O

Theorem 719. For f € H'(—1,1),lim, o lim; B = |f15¢ _sfor f ¢ H'(—1,1) theiterated
limit is +oo0.

Proof. O

Theorem 720. Let0 < a <1y, = z/éL) (L >2), (\B)fixedand f € H'(—1,1), and let P} be the
corresponding minimizer of the free energy. Then

. . . A A
limsup | L(pj) + 8 KL(pp |ugy)] < 5O (F) < SI1B

L—oco

(22). (Corollary 760 with |[K'F) — K()| < ¢, — 0, Theorem 712, and Lemma 716. In Lean the

reference law is I/(()L> itself, so no smoothing DéL) and no correction 1/L of €, is needed.)

Proof. O
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Theorem 721. Under the hypotheses of Corollary 720, with v} the hidden marginal of pj and k =
A/, limsup, KL(v} Hz/éL)) < g\|f||§[oo; the right-hand side does not depend on X, 8 (Corollary 761).

Proof. O
Theorem 722. Under the hypotheses of Corollary 720, with m7, the conditional mean amplitude of
py, limsup, ||m*L||i2(V,£> < HfHQ}[OO: the bounds of Theorem 397 hold asymptotically with f € H' in
place of (R) and || f| 4__ in place of||ug|| (Corollary 762).

Proof. O

Theorem 723. Let K > 0 be a bounded positive operator on a Hilbert space and x € ran K. Then
MK + M)tz = 0as X | 0. (Fore > Owritex = (x — Kw) + Kw with |z — Kw| < & then
IMK + X) Yz — Kw)| < eand MK + N Kw| < M|w|, Lemma 197.)

Proof. Step 1: approximate ‘X‘ by ‘K w* within ‘e/2".
Step 2: ‘ARx=AR (x—Kw)+ AR (Kw)" with the two bounds.
Step 3: AR x| <e/2 + A|w| < €. O

Theorem 724. K is injective on L?(Py): if K!®)r = 0 then |Sir|> = (K(®)rr) =
v := S*r vanishes tw-a.e.; v is continuous on [—1, 1] with v = —r (Lemma 698), so v = 0 on [—
I “Tl r = 0 forall x, and r = 0 a.e. by Lebesgue differentiation.

0, s
1)

Proof. Step 1: ‘S*_wr = 0" in ‘LA(w)’, from ‘(K 1, 1)) = |
Step 2: ‘v = S* r* vanishes Lebesgue-a.e. on ‘[—1, 1]".
Step 3: ‘v is continuous on [—1, 1]° (an ‘H!* function), so ‘v =0‘on [-1, 1]".
Step 4: ‘ [_—1"xr =v(-1) — v(x) = 0 for all ‘x € [-1, 1]".
Step 5: ‘r =0 a.e. on ‘(—1, 1)‘, hence in ‘L2(P_X)". O

Theorem 725. ran K () = (ker K(®))* = L?(Py), since K> is self-adjoint and injective (Theo-
rem 724).

Proof. O

Theorem 726. If f = K®)gwith g € L?(Py), then Rf\oo>f — ule = S*g uniformly on Z as X | 0.
(K is self-adjoint and injective, soran K () = L?(Py)and (K 4+\)"1 f = g—A(K(®) )1
g in L? by Lemma 723; the bound || S*r| ., < ||| of Lemma ?2(2) gives uniform convergence.)

Proof. O

Theorem 727. Ifg = — 2 f" Po-qge.(ie. f = K(®)g, (), then uls (w, b) = — 12 f tanh(wzx —
b)f” (x) da (??): the llmltlng canonlcal ridgelet transform is the ridgelet transform, wnh the activation
itself as filter, of the target sharpened by —A.

Proof. O

Theorem 728. If f € H?(—1,1) satisfies the boundary conditions (??) and g := —1:%f”, then

f=Kg, R ) # — uls uniformlyon Z as \ | 0, and ubo (w, b) = —la f tanh(wx — b)f”(x)dx
(Theorems 709 726, 727).

Proof. O

84



Theorem 729. If f = K(®)gwith g € L?(Py), then for L > 2, |S i jule — Flezpy) < eyl
0
< C, L~ min129| g1 (22), since S 1) S*g = KW gand |[KF g — K*)g| < e |g| (Theorem 711).
0

Proof. O
Theorem 730. For g € L*(Py) and every L, ”S*g”iz( ) = (KWg, g) ().

vo
Proof. O

Theorem 731. If f = K*)g, then |ul|?, ity = (KDg, gy — (f,g)as L — oo (??) (|((KE) —
Yo
K)g,g)| <eplgl?).

Proof. O
Theorem 732. If f = K®)gwith f € H*(—1,1) satisfying (??) and g = —E2 f”, then (f,g) =
(K®)g,g) = |Stg|? = |SLfI? = ||f||2}foo (Theorem 705; S g is the minimum-norm representer of
f=55559)

Proof. O

Theorem 733. Forr € L'(Py)andt € R, lim, ., (S*r)(w,wt) = lim,_,, [tanh(w(z —

)r(z) Px(dz) = [sgn(z — t)r(z) Px(dz) = (S5r)(t), and lim,, , o (S*r)(w, wt) = —(SLr)(t)
(dominated convergence of tanh(w(x—t)) — sgn(w) sgn(x—t) for x + t, with the dominating function

).
Proof. O

Theorem 734. For f K™)g and every t € R, lim,_,, _ ulo(w,wt) = +(S%g)(t); that is,
ulo (w, wt) — sgn(w ) = (t), where Stg = ul, is the representer (??) of the sign network (extended

by the same formula to |t| > ¢, the explicit values are Theorem 735). (Lemma 733.)

Proof. O
Theorem 735. For f € H*(—1,1) with the boundary conditions (??) and g = — =2 f”: ( 9)(t) =
Lra f(p) for [t| < 1, and (S%g)(t) = F(1 + a) LD fort > 115 hence 11rnvHioc ulo (w, wt) =
+1Ee f(t) for |t| < 1 and Fsgn(t)(1 + a)% for |t] > 1. (Llsgn —t)f"dz = /(1) +
F(=1)=2f/(t) = =2f'(t) for [t| < L, using f'(1)+f'(—1) = 0, and [ sgn(z—t)f" = —sgn(t)(f'(1)—
f'(=1)) = sgn(t)a(f(1) + f(=1)) for [t| > 1.)

Proof. “[t] <1 V2[—€(g(1) — g(t) + €(g(t) — g(=1))] = € g(t)* since ‘g(1) + g(—1) = 0".

‘t>1% =12 [_—171 (—¢ h) = (¢/2)(g(1) — g(-1)) = —(1+a) ¢".

‘t<—1% Y2 [_—17 (—¢ h) = —(¢/2)(g(1) — g(-1)) = (A+a) cy". O
Theorem 736. For f € H*(—1,1) with ) and g = =2 f: for [t| < 1, lim,,_, ulo (w, wt) =
+1E2 f/(¢), and for |t| > 1, lim,,_, , ulo (w, wt) = —sgn(t)(1 + a)w (Theorems 734, 735).
Proof. O

Theorem 737. Let A,, A5, R, R, be bounded operators on a Hilbert space and A € Rwith R, (A, +
A) =idand (A, + A\)R, =id. Then R, — R, = Ry (A5 — Ay)R,.

Proof. O
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Theorem 738. Under the hypotheses of Lemma 737 with A > 0 and | R, |, [|Ry]| < 1/\ |Ry — R, <
[R1A; = Aol | Ryl < A2 A, — Ayl

Proof. O

Theorem 739. Under the hypotheses of Lemma 738, for every f, |(f, Ry f) — (f, Rof)| < A 72| A; —
Aol £

Proof. O

Theorem 740. Let K, = S,S; and K, = S,,S}, be the kernel operators of two (feature map, hidden
law) pairs on the same L*(Py), A > Oand f € L?(Py). Then |QX(f)—Q% (f)| < A\ 2|K,— K, | | f|>
In the setting of Theorem 72, K, = KV, K,, = K> and |K'E) — K| < ¢, thisis |Q\"(f) —

()] < A2, | fI2. (Resolvent identity (A+ A\)" — (B+ X)L = (A+ A)"1(B— A)(B+ \)
and ||(K + \)~ 1H <A L)

Proof. O
Theorem 741. For A > 0, f € L*(Py) and two hidden laws v,v’ € P(Z), Ry ,f = S* (K, +A)"'f
and Ry, f = S*(K,, + X\)~' f are bounded functions on Z with sup__, \Rx,y (2) = Ry, f(2)| <
A 2K, — K, || f]- Withv = v{", v/ the limit law and | K2) — K(*)| < &, thisis (2?). (|S™7] . <
|7 2(p, ), Lemma ?2(2), and Theorem 740.)

Proof. O

Theorem 742. If |K, — K,/|00 along a filter in L, then for every A > 0 and f € L3(Py),
NE(f )oQY (f) (Theorem efthm:order-of-limits-L-a).

Proof. O

Theorem 743. For A\ > Oand f € L*(Py), withg = (K, + X\)'fand uy = Sjg = R, [,
QX(f) = (K,9.9) + Mgl> = [usl22(,, + Mlgl3a ) = 0. (f = (K, + Ng and (K, g,9) = |S;9]%)
Proof. O
Theorem 744. For A\ > 0, f € L?(Py) and u,\ = SH(K, + )\) 'f=R,,f onehas S, uy — f =
—AE, + N fand 58, uy — fIP 4+ 3 lus]® = 3{f, (K, + )T A+ K )(E, + X)) = 3Q5(F);
by Lemma ??(4) this is the minimum of the lehonovfunctlonal u s 518, u— fI?+ 3 |ul? over L2 (v).
Proof. O
Theorem 745. For A > 0 and every u € L*(v) with S,u = f, Q5(f) < [ul72(,; under (R),
Q5(f) < < |S5fI2. (Take u in the Tikhonov minimum, Proposition 744: 2Q%(f) < 3ISu— fI? +
lul? = 3ul?)

Proof. O
Theorem 746. For(0 < A < X, Q% (f) < QX(f): the map X\ — QX(f) is nonincreasing. (With-

out spectral theory: QX (f) = min,[\"'S,u — f|* + u[?] by Proposition 744, and the functional is
pointwise nonincreasing in \.)

Proof. Step 1: test the ‘A’*-Tikhonov minimum with ‘u_A".
Step 2: ‘A'~1 < A~1“ and the identity for ‘Q_A". O
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Theorem 747. For(0 < A\ < A, |uy —u,\||i2(l,) < QX (f)—QX(f)- (Theidentity Jy(u) = Jy(uy) +
1S, (w — uy)|* + 3 lu — uy|? of Lemma 22(4) with u = uy,, Jy(uy) = 5QX(f) and Jy(uy) <
5y (uy) = 3Q% (f))

Proof. “V2||Su_X’ —f]2 < (W/(2X))|S u_X’ — f]|2* since ‘X" < A". O

Theorem 748. Assume (R). Thenuy, = R, ,f — Sifin L*(v)as A | 0. (By Lemma 453, u, —
ul = —\T, + N~ tul; ul € (kerS,)* = ranTy, so fore > 0 write u’ = (ul — Tyw) + Tyw with
[ut — Tyw| < &; then | ATy + X)L (ul — Tyw)| < e and |MNTy + \) 1 Tyw| < Mw.)

Proof. Step 1: approximate ‘uf‘by ‘T, w* within ‘e/2°.

Step 2: the decomposition ‘u_A — ut = d; + d,* with ‘(Ty + A) d; = —A(ut — To w)“ and (T + 1)
d2 = _}L To W‘.

Step 3: ‘Ju_A — ut| <e/2 + A|w| < €. O
Theorem 749. Assume (R). Then QX(f) 1 ||Sif ||2Lz<,,> as A | 0: X = QX(f) is nonincreasing,
bounded by | S} f|2, and converges to it. (Q%(f) = (f,g,) = (S,ul,gy) = (ul,u,) and uy — uf,
Lemma 748.)

Proof. O

Theorem 750. Ifsup, ,QX(f) < oo, then f € ran§,. (Let £ := sup,_, QX(f) = lim, , QX(f).
For0 < N < X\ < Ao, Lemma 747 gives [uy, — uy > < Q) — Q) < £ — Q. 50 uy, is Cauchy in
L?(v) with limit u; and ||S,uy — f|I*> < AQ,\(f) < AsupQ — 0 gives S, u = f. No weak compactness
is needed.)

Proof. Step 1: the sequence ‘vn =u_1/(n+1)" is Cauchy.
For 0 <X <A<A, JulXr —uAP<QXN-—QA<£E—Q Ay<e®.
Step2: ‘S_vvn —fsince S vvn—{fJ2<A_ nQ A _n({f)<A_nM— 0"
Step 3: ‘S_v u = f* by uniqueness of limits. O

Theorem 751. Iff ¢ ran.S,, then Q¥ (f) T +ooas A | 0: forevery M thereis Ay > Owith QX (f) > M
forall0 < X\ < X,. Together with Lemma 749, lim, o QX(f) < oo if and only if (R) holds for v.
(Otherwise QX (f) is bounded on (0, co) by monotonicity, and Lemma 750 gives f € ran S,,.)

Proof. By monotonicity, ‘Q_A(f) < M for every ‘A > 0°. O

Theorem 752. Foreveryv € P(Z)and f € L*(Px), A — QX(f) is nonincreasing on (0, 00), and as
A0, QK(f) — IISZf||%2<l,) if f € ran S,, while Q¥ (f) — oo otherwise. For the limit kernel K> of
Theorem ?2, | S} f|% = | f|2, andranS, = H*(—1,1) (Theorem ??).

Proof. O

Theorem 753. Forg € L?(Py)and Py-a.e.z, (K, g)(z) = j;C k, (z,2")g(z") Px(dz")withk,(z,z") =

L, e-(@)p (2" )v(d2), k,| < 1. (Fubiniin (K,9)(z) = [, ¢.(2) [, ¢.(2")g(z") Px(dz") v(dz), the
integrand being dominated by |g(z")|.)

Proof. O
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Theorem 754 Let (¢, ) and ( ') be two feature/hidden-law pairs on the same L?(Py) with
kernels k,( = [p.(@)p.( (dz) and k.. Ifsup, , |k, (z,2") =k, (z,2")| < &, then | K, —
K2 (py)—r2(py) S & (ByLemma 753, |(K,9— K, 9)(z )| < 5“9”1:1 (Py) S €lglp2py) fora.e z, and

Py isa probability measure.) In the setting of Theorem 676, | K1) — K ()| < SUP, ey 1] | K (2, 27)—
K (z,2")| < ep.
Proof. O

Theorem 755. Letu € L*(v,) be arbitrary and j,, := Py = Vo ® N (u, B/X) the competitor of
(). Then j, € D, Fy, = S, L(7,) = 18,0~ fI% KL(G, lug) = slulla,) and 7(7,) =
1S, u— fI* + %||u||%2(yo) (Lemma ?? with v = v).

Proof. Step 1: ‘KL(p_u||u_U) = (x/2)||u]?.
Step 2: ‘F_p_u = S_v,y u’, so ‘L(p_u) = Y2||S_vy u — f]2. O

Theorem 756. Assume (Al), (A3), (A4), (A5) and f € L?(Py). Let p* be the minimizer of F
(Lemma ??). For every u € L?(v,),

A
L(p*) + B KL(p*||uy) < ||5 — fliepy) + 5““”%2@0)-

(In the proof of Theorem 397, take the competitor p,, = vy @ N (u, 5/X) for an arbitrary u: L(p,) =
18,0 I and KL(5, Jug) = 25jul?, Lemma 755; minimality 7 (") < 7 (5,).)

Proof. O

Theorem 757. Under the hypotheses of Proposition 756, the infimum of the right-hand side of (??)
overu € L?(v,) is attained at u = R, ,, f withvalue 2Q%5°(f) (Proposition 744), and therefore L(p*) +

B KL(p" ) < 3Q%(F).
Proof. O

Theorem 758. Under (R), Q¥ (f) < |u) 122(,,) (Lemma 745), and Theorem 397(a) is recovered:
L(o") + B KL ) < 2QE0(F) < 3lubla,
Proof. O

Theorem 759. Under the hypotheses of Proposition 756, with v* the hidden marginal of p*, m* its
conditional mean amplitude and k = A/,

I Bapyy SAQT () KL lug) < 5O, K07 lw) < 5@, m* s, < QD).

and |m* |24, + LKL |vg) + 2L(p") < QX(f). (The chain rule KL(p"|jugy) = KL( ) +
Elm*(3, o of Theorem 396, whose proof uses only the Gaussian conditional structure of Theorem 225
and not (R), substituted into Proposition 757.)

Proof. The energy bound in the form 2 L(p*) + 28 KL(v*||vg) + A|m*|2 <A Q". O
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Theorem 760. Let (v ); be hidden laws on Z whose kernel operators converge in operator norm,
|15, — K[| = 0, to the kernel operator K, = K ,, of another feature/hidden-law pair on the same

L2(Py); let (A, B) be fixed, f € L*(Py), and p; the minimizer of the free energy with reference hidden
law v;. Then

A
liin sup|L(p3) + B KL(p*L||u§f>)] < 5 (OC>(f)7 QE\OO>(f) = (f, (Ko +A)71f).

In the setting of Corollary 720, v, = 7\, K. = K> and Q(/\OO)(f) < |flI3; for f € H'(—1,1).
(Proposition 757 for each L and Theorem 742.)

Proof. O

Theorem 761. Under the hypotheses of Corollary 760, with v} the hidden marginal of pj and k =
A/, limsup, KL(vj |lvy) < gQ&m)(f) (Proposition 759).

Proof. O

Theorem 762. Under the hypotheses of Corollary 760, with m7, the conditional mean amplitude of
p;, limsup ||m"L||%2(V2) < QE\OO) (f) (Proposition 759); the right-hand sides of the three bounds do not
depend on L.

Proof. O

Theorem 763. Assume (A1), (A3), (A4), (A5) and f € L?*(Py) (no (R). Withq = Z,/Z, =
f enm*2/2 dVO’

«2
—lgkm /2

K
Vi=wry, w=gq ) KL(v"|v) = §||m*||2L2(w) —logg, I<gq

(?7). (Theorem 226, the logarithm of the density integrated against v*, and e"™ /2 > 1.)

Proof. The exponent identity ‘k m*2/2 = s*2/(2A8) = —W".

Step 1: the density.

Step 2: the relative entropy, by the Gibbs variational identity with ‘8 =1°.

Step 3: 1 <(q". O
Theorem 764. Without (R), 1 < q < exp(5[m*[75,.)) < exp(5Q’(f)): logg = §|m* |72, —
KL(v*[vg) < §5m*[72(,., (Lemma 763) and |m*(72 ,., < Q\°(f) (Proposition 759).

Proof. O
Theorem 765. Without (R), |[v* — vl = |w — 111, < /2KL(v*|vy) (Pinsker’s inequality,
Lemma 850, in the convention |||, = |u|(Z) = 2|l rv)-

Proof. O

Theorem 766. Assume (Al), (A3), (A4), (A5) and f € L%(Py); let p* be the minimizer of F for
(A, B, vg), 7° = F . — f, v* its hidden marginal, m* its conditional mean amplitude and x = \/ . For
u € L?(vy) put E(u) :== |5, u— H22py) + lulFz,,) (). Then for every u € L*(vy),

1 * * 1 * 2 * *
E(u) = LI + Im (720 + 180w = Fp I + Ju = m*[7a, ) + —[KL( Jvg) + KL Jv)],
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all terms on the right-hand side being nonnegative. If S, u = f this is (??). (The strong-convexity
identity (??) of Lemma 212 at the competitor p,, = vy ® N (u, 8/X), Lemma 755, with the chain rules
KL(p* 1) = KL o) + &m* 22, and KL(5, o) = KL(vo|v*) + & Ju—m* 2, , Lemma 390;
multiply by 2/\.)

Proof. Step 1: the strong-convexity identity at the competitor ‘g_u".
Step 2: ‘KL(p*||u_U)* by the chain rule and ‘KL(p_u|p*)* by the pair formula.
Step 3: rearrange and multiply by 2/A". O

Theorem 767. Forevery u € L*(v,),

* 1 * * * K * *
lm IIQLz(V*ﬁrXII?“ I* < E(w),  KLp o) +KL(w|v") < SE(w),  Ju=m*[(,, ) < Blu)=|m"|L,
(drop nonnegative terms in (7).

Proof. O

Theorem 768. |[v* — |, < +/# QL (f) and 1 < q < e5@x" (/2 Pinsker’s inequality [v* — v 5, <
V2 KL(v*||vy) (Lemma 765) with KL(v*|vy) < £Q%°(f) (Proposition 759), and Lemma 764.

Proof. O

Theorem 769. For h € L*(Py), S*h = S;.hin L*(v*) and S,.m* = F,. (Theorem 231), so
(", S ) 2y = (Fpesh) = (£, D) 4 (17, ).

Proof. O

Theorem 770. Forh € L*(Px), withu = S*h, |u| < || (Lemma 192) and |[u|72 ., = [w?wdy, <
Julay,, + BP0 — Ty where ulRa, | = (K, )

Proof. O

Theorem 771. Under the hypotheses of Lemma 766, for every h € L*(Py),
1 2
”m* - S*hH%Q(V*) < XH<KVU + >\>h - f”L2(PX) + ”h”%?(PX) ”V* - VOHM?
where [v* — vgllar = [v* —vo[(Z2) = |w —1||1(,,)- (Expand [m* — u||2LQ<V*)foru = S*h; Lemma 769

for the cross term, Lemma 770 for ||u||2LQ<V*) and Lemma 767 with this u for Hm*||2L2<V*); then — 4 ||| —
2(r*, h) = =5 |r* + AR[? + A[B)* < AJR|* and 5| K, h— f[* +2(K, h— f, k) + AJh[* = 3(K,, +

by
N — fI2)
Proof. Step 1: expand ‘||m* — u|2‘ and collect the three estimates.

Step 2: the two completions of the square. O

Theorem772. |m*—S*h|7., | < q|m*—S*h|72 ., since dvy = w™" dv* withw™" = ge "m?/2 <
q.
Proof. O
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Theorem 773. Forh = (K, +\)~'f (sothat S*h = R, , f), the first term of (??) vanishes and

I = By g ey < I, + 27712 @000 < YE Q0177

since [V — vyl nr < \/RQY(f) (Lemma 768) and A|(K,, + X) ' fI? < QY (f) (Lemma 743).
Proof. O

Theorem 774. For h € L*(Px) and u = S*h (so |u| < [h]), [TIp* — uvglae < [lm* —ulpi-) +
IRl v —vollae < Im*—ul L2+l V" =1l 2rs since Ilp* = m*v* (Theorem 229) and m*v* —uv, =
(m* —u)v* + u(w — 1)y,

Proof. Step 1: TIp* = m* v** and ‘uv* = (w u) vy".

Step 2: ‘TIp* —uvy = (m* — u) v* + (W — 1) uvy'.

Step 3: the two total variations. O
Theorem 775. Letv, € P(Z), K, = K, asecond kernel operator on L*(Py), § := 15, — Kool
f=Kog G =gl H:=(f.g) andul := S*g. Then S, ule — f = (K, — K. )g, [ul[2,, =
(K,,9.9) and

y ' 772 ) 52G2
N () S Blus) =+ +(Ky9,9) SH+ G+ ——, 0= (K, — Ky)g| <0G

(??) (the minimum (??) and (K, g,9) — H = ((K,, — K,)g,9) < nG).

Proof. O

Theorem 776. Letv, € P(Z) satisfy (Ad), K, = K, 6 == |K, — K lr2py)sr2py)y [ =

K_ g G = |g| ule = S*g; let p*, v*, m*, q be the quantities of the minimizer for (X, 8,v,) and
Q» = Q5°(f). Then (Amplitude.)

Hm*_ulC”%Q(V*) < GQ[(\%+\A)2+ KQ)\}v ||m*—ulo||i2(,,o) < er@a/2 GQ[(\%+\A)2+ KQ)\:|.

(Lemma 771 with h = g: (K, + N)g— f = (K, — K)g + Ag has norm at most (6 + \)G, and
16+ X% = (6/VX+ VX)% Lemma 768 for |v* — || 5 and ¢; Lemma 772.)

Proof. ‘(K vg+A)g—f=(K vyg—K_ oo)g+Ag',of norm at most ‘(5 + A) G*. O

Theorem 777. (Realization, hidden marginal.) Under the hypotheses of Theorem 776, with H :=
(f,9) andn = [(K, — K, )g| < 4G,

K
IF, = fI? <0+ MK, 9,9) < 8°G* + MH +0G?),  KL(V*|vg) + KL(rg[v*) < §E(UZ0),
where E(uly) = ? +(K,,9,9) (Lemma 767 with u = ul, and Theorem 775).
Proof. O

Theorem 778. (Coefficient measure.) Under the hypotheses of Theorem 776, |[Tp* — ulovy| e <
Im* — wbell 20y + G\ KE(uke), with E(ule) = & + (K, g, 9) (Lemma 774 with h = g, |ulo| < G,
and |V — vy|lar < V2KL( 1) < \/KE(uly)).
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Proof. O

Theorem 779. Under the hypotheses of Theorem 776, for the choice A\ =  onehas (ulc) < H+26G?
and

I — bl < G[2V6 + (w(H +266%)) "]

and if K(H + 20G?) < 1 the same bound times ¢'/* holds in L?(v,) (2?). (For A = 6, (6/v/ A+ V)% =
46, E(ulo) < H+25G%: Va+b<+a+ Vband ef@x/2 < 1/2)

Proof. Step 1: ‘Q_A < H + 28G2* for ‘A = §".
Step2: ‘(6/ A+ A=4Aand‘ (xQ_A) <
V% J

Step 3: ¢ V(GZ(M +9)<6C A+ 9.

(x(H + 28G2))".

V4

Step 4: ‘e™x Q_A/2 < e"1/2° when ‘k(H + 28G2) < 1°. O
Theorem 780. (Joint schedule.) Let (v;);, be reference measures with 6, = |K, — K| — 0
(forv, = 0§, 6, < (C, + 1)L min(20)) ¢ — Ko 0l = 5%, and let (\,,B;) satisfy A, — 0,

kp = A /B, — 0and 62 /A, — 0. Then, for the minimizers p; of the free energies for (A, Br,vy),
mi — ub in L2(v}) and in L2(vy), |Tph, — uhovy |he — O, F,. — fin L*(Px) and KL(v} |v;,) +
KL(vp|[v;) — 0. (Insert the schedule into Theorems 776, 777 and 778: Q0 and E(uly) stay bounded
by Theorem 775, and every right-hand side tends to zero.)

Proof. Step1l: 0<Q_L<E L<Bnd L—-H,so«x LQL—0,%LE_L—D0"
Step 2: the right-hand side of Theorem (a) tends to zero.
Step 3: the coefficient measure, the realization and the relative entropies. O

Theorem 781. Let A > 0 be a positive operator on a real inner product space, A > 0, s > 0 and
x = 4s/\. Then for every z AN[(A + 8)z]? < (1 + 2){((A + s)(A 4+ N)?z,2). (The scalar identity
(14+2)(t+A)2—4A(t+5) = (t—=N)?+zt(t+2)) gives (1+x)<(A+s)(A+)\)2z, z)—AN|(A+s)z|* =
((A+ s)v,v) + x{(A+ s)A(A 4+ 2)\)z, z) > 0withv = (A — \)z, all operators being polynomials in
A with nonnegative coefficients or squares.)

Proof. ‘|(A + s)z||* and the square ‘v = (A — A)z".

The remaining polynomial in ‘A’ has nonnegative coefficients. O
Theorem 782. Letv € P(Z)and f € L?(Py)withQY%(f) < H foralls > 0 (for f = Ki/Qﬁonemay
take H; = |R||2). Then for every A > 0, (K, + X)L f|? < %. (With z :== (K, + \) YK, +s)"Lf

one has (K, + \)'f = (K, + s)z and Q%(f) = (K, + s)(K, + \)?z, z), so Lemma 781 gives
AN(K, + NP < (1 +4s/0)Q%(f) < (1+4s/X\)H; forevery s > 0;let s | 0.)

Proof. Step 1: for every ‘s > 0, “4A[(K + A)~L1 |2 < (1 + 4s/A) Q_s(f)".
Step 2: let ‘s | O°. O

Theorem 783. Let vy, § = |K, — K| beasin Theorem 776 and let f € L*(Px) satisfy Q> (f) <
H forall s > 0 (for the sign networkand f € H'(—1,1), H; = || f ”3{00 by the Sobolev characterization

of the limit RKHS); put hy, = (K., + \)~Lf. Then |h,] < % and

<f)<Hf<1+26>\>2

(Lemma 782; the resolvent identity gives Q5 (f) — Q\°(f) = (K, + N7 (Ko — K, )hy) <
\/ QY (f )//\(5‘2?, and x < A + e/ Ax implies \/z < (1 + ¢)VA.)
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Proof. Step 1: the resolvent identity, ‘Q"vy_A — Q"oo_A = ((K_vg + A)71 f, (K_oo — K_vg) h_A)".
Step 2: with x = \/Q’\vo_ ‘‘a= \/Hf‘, ‘c=06/2M)": x2<a2+cax’, hence ' x<(1+c)a". O

Theorem 784. (Realization and hidden marginal, unconditionally.) Under the hypotheses of Propo-
sition 783, for the minimizer p* for (\, 3, v,),

1% 5 1% 1%
IF, =1 < QU <3, (Vi T5) KL o) +RLooI) < 50000, I, < QK(F)

Hence F,, — fin L?(Py) along \;, — 0, 62 /A, — 0 for every /3, and the symmetric relative entropy
tends to zero if moreover ., — 0. (Proposition 759, Lemma 767 withu = R, , f, and (a).)

Proof. ‘M1 + 3/(21))% = (\/)\ + 5/(2\/)»))2‘. O
Theorem 785. (Amplitude, high-temperature regime.) Under the hypotheses of Proposition 783,
with R\ f = 57h,,
o0 H 62 1
m® = RS fa ) < 25 [+ /R,

so that |m} — Rf\oj)fHLz(l,z) — Owhenever 6; /\;, — 0and \/k;/A\;, — 0. (Lemma 771 with h = h,:
(K, +Mhy — [ = (K, — K )hy has norm at most 5|, |; then (a).)

Proof. O

Theorem 786. Under the hypotheses of Proposition 784, along a sequence (v, Ar, 5;) with A;, — 0
and 67 /A, — 0, F,. — fin L*(Px) for every choice of 3,; if moreover i, (1 + 6. /(2A,))* — 0 (e.g.
Ky, — Owith 6, /A, bounded) then KL(v; |lv;,) + KL(v|v}) — 0.

Proof. *

r* L] < S AL \/(S_LZ/A_L)/Z)%O‘. O

Theorem 787. Under the hypotheses of Proposition 785, along a sequence with 6; /\; — 0 and

VEL/AL = ApBr) Y2 = 0, my, — R fllizg,) — 0 (@D with Q5E (f) < Hp(1+6,/(20;))?
bounded).

Proof. The bound ‘(Hf/4)(8/1)2 + (Hf \/Hf/4)( \/K/)L)(l + 8/(2M))‘, which tends to zero. O
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Chapter 11

Material for lean-operator-ridgelet

Spectral powers of a positive operator with an orthonormal eigenbasis on a real Hilbert space (diag-
onal operators in a Hilbert basis, the resolvent bounds behind Tikhonov rates, the range inclusion
into the orthogonal of the kernel, and the half power versus the adjoint).

Definition 788. Let ¢ = (e;),c; be a Hilbert basis of the real Hilbert space H and ¢: I — Ra
bounded sequence. The multiplication operator by c in the coordinates of ¢ is the bounded operator
Dz =3 c;{e;,x)e;, of norm | D, | < sup, [c,[; it is the unique bounded operator with D e, = c;e;.
(In Lean, D, := 0 when c is unbounded.)

Definition 789. Let 7" be a bounded operator on the real Hilbert space H that is diagonal in a
Hilbert basis e = (e;);cr» T'e; = pe; with 0 < p; < M. For a > 0 the spectral power T is the
multiplication operator by (4); in the coordinates of e: Tz := . puf(e;,z)e; (Definition 788),
with the convention 0% = 0 for ¢ > 0. It is the operator f(7') of the continuous functional calculus
for f(t) =t on [0, M].

Theorem 790. T%, = ufe, for every i; in particular T* = T, T*T® = T for a,b > 0 and
(TYV2)2 =T.

Proof. O
Theorem 791. T*isself-adjoint and positive semidefinite, |T*| < M®, and (T%x,x) = Y. uf(e;, x)*.
Proof. O

Theorem 792. Fora > 0,ranT® C (kerT)* = ranT: if Tv = 0 then y,(e;,v) = 0 for every i, so
each term of (v, T?g) = 3", 1t (v,,) e, g) vanishes (0°  0).

Proof. O

Theorem 793. Let T be diagonal in the Hilbert basis e with eigenvalues 0 < p, < M, and a > 0. If
Tv = A, then T*v = \%. (Coordinatewise: {(e,, T*v) = u¢{e,;,v) and (e;,v) = 0 unless i, = A, since
eigenvectors of the self-adjoint T for distinct eigenvalues are orthogonal.)

Proof. O

Theorem 794. Let T' be diagonal in two Hilbert bases e = (¢;);c; and ¢’ = (€}) e, of H, Te; = e,
with 0 < pi; < M and Te}; = e’ Then for every a > 0 the spectral powers of Definition 789 defined
through e and through e’ coincide: by Lemma 793 both map e to ji;%e’;, and a bounded operator is
determined by its values on a Hilbert basis.
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Proof. The eigenvalues along ‘e™ are ‘W_j= (T e’_j, e’_j) € [0, | T|]". O
Theorem 795. For A\ > 0,a > Oandt € [0,1], t’\jf\ < Amin(eD) - For 0 < a < 1 the weighted
arithmetic-geometric mean inequality \' =9t < (1 — a)A + at < A+t gives 25 = \aA_"1% < ya; for

€ [EBY A
a>1,t* <tonl0,1] gives 25 < AL <\

Proof. O

Theorem 796. Let T be diagonal in e with eigenvalues 0 < p, < 1, A > 0,a > Oand (T + Ny =
ATg, ey = MT + N)"'T%. Then y| < X™™V|g| and (Ty,y) < (A™P(+1/2D]g])”. (Coeffi-

q+1/2 2

Aug ) (e 9)%; apply Lemma 795 and Parseval.)

cientwise (e;, y) = TR (e;,9) and Uvz<€my>2 = (

Proof. O

Theorem 797. Let T = B*B be diagonal in e with eigenvalues ji; € [0, M]. Thenran B* C ran T/%:

—1/2 . .
oot 1 (Bey, g)e, satisfies TV2g, = B*g and |go| < |9

(Bessel’s inequality for the orthonormal family (,u;l/QBei)##o; Be, = 0 when yu,; = |Be,|> = 0).

for g in the target space of B, g, == >

Proof. Bessel: Y _i€sc_i2 <|g|? for every finite ‘s". O
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Chapter 12

Material for FoML

General lemmas on Rademacher complexities that belong upstream in FOML (lean-rademacher,
ToFoML/): the one-sided contraction principle for an arbitrary class (from FoML'’s finite-class the-
orem), McDiarmid’s inequality in the bounded-difference form, and the one-sided symmetrization
and tail bounds for separable classes over an arbitrary index type, which relax FOML’s countability
(or topological separability) requirement.

Theorem 798. Let F' = {F, : i € .} be a nonempty class of functions on X with |F;(S,)| < M on
the sample Sy, ..., Sy, and let ¢,,: R — R be L-Lipschitz for every x (L > 0). Then, in the one-sided
convention, Ry ({1 o F,}) < LRy (F), where (¢ o F,)(z) = 1, (F,(x)). This extends FOML'’s finite-
class contraction principle (‘empiricalRademacherComplexity_without_abs_contraction_finite‘) to an
arbitrary index set: for every sign vector o pick a near-maximizer i, of », 0¥, (F;(Sy)); the finite
subclass { F; }, realizes the lefi-hand side up to € and its right-hand side is dominated by that of F.

Proof. Near-maximizers: for every ‘c* an index ‘ic* with | |i, Aci < Ao (io) + ¢".
FoMUL’s finite-class contraction on the finite subclass ‘H". ]

Theorem 799. Let GG be a measurable function of N i.i.d. samples w, ... ,wx ~  such that replacing
any single w,, changes G by at most ¢ > 0. Then for everye > 0, P(G — EG > ¢) < exp(—2¢2/(Nc?))
and P(G — EG < —¢) < exp(—2¢%/(Nc?)) (FoML’s ‘mediarmid_inequality_pos_iid_of const‘ with
t=1/(Nc?)).

Proof. O

Definition 800. A class F' = {f; : i € ¢} of real functions on X is separable if there is a countable
D C v such that every f; is the pointwise limit of a sequence (f,, ),, with u,, € D. Countable classes

are separable, and so are classes with ¢ a separable first countable topological space and i — f;(x)
continuous for every z.

Theorem 801. Let F' = { f,} be a class with a pointwise dense sequence (f, ), andlet®: . — R besuch
that ®(u,,) — ®(i) whenever f, — f; pointwise. Thensup,_, ®(i) = supz ®(e,,) (with the convention
that both sides are 0 if ¢ is unbounded). In particular the empirical Rademacher complexities and the
uniform deviations of a bounded separable class are those of the countable subclass { fe,, I3

Proof. O
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Theorem 802. Let F = {f, : i € 1} be a nonempty separable class of measurable functions on Z with
|f;l < b letp e P(Z), N>1 andletw,,...,wyn ~ pbeiid. Then, in the one-sided convention,

Esup(u(f;) — % Zk filwy)) < 2[EﬁN(F)’ [ESUPZ-@(% Zk filwy) —p(f;) < 2[EﬁN<F)'

1€L

This is the one-sided form of FOML’s symmetrization (‘expectation_le_rademacher’, from ‘symmetriza-
tion_equation’) with the countability of the class relaxed to separability: all suprema are computed on
a pointwise dense sequence.

Proof. O

Theorem 803. Under the hypotheses of Lemma 802 with b > 0, for every € > 0,

P(sup(u(f) — % 5y filwr)) = 2ERN(F) +¢ ) <exp( 357 )
1€L

and the same for sup (% > p filwy) — u(f;)). The one-sided deviation is measurable (as a supremum

over the dense sequence) and has bounded differences 2b/ N, so McDiarmid’s inequality (Lemma 799)

applies.

Proof. O

Theorem 804. Let F' = {f; : i € 1} be a nonempty separable class of measurable functions on X
with |f;] < b b >0, let X: Q — X be measurable, n € P(Q) and wy, ..., w,, ~ wiid. Then for every
e >0,

P(supft &, £:(X (@) — EA(X)| 2 29,(F) + &) < exp( 352 ).

This is FOML'’s ‘uniform_deviation_tail _bound_separable_of _pos‘ with its topological hypotheses re-
placed by the separability of the class.
Proof. O

Definition 805. A class F = {F, : i € .} of real functions on X pseudo-shatters the points
(X1,t1), s (2, t,) € X x Rif for every T C [n] there is ¢ with ¢, < F;(z;,) < k € T for
all k.

Definition 806. The pseudo-dimension of F' is at most d, Pdim(F") < d, if F' pseudo-shatters no
family of n > d points.

Theorem 807. Let g: R — R be such that for every t € R the level set {u : t < g(u)} is of the
form {u : s < u}, or R, or ) (e.g. g = tanh, with s = artanht for |t| < 1). If Pdim(F) < d then
Pdim(go F) < d, wherego F = {go F; : i € 1}.

Proof. 1f (x}, 1)<, are pseudo-shattered by go F', no level set {u : t;,, < g(u)} is trivial (the patterns
T = () and T' = [n] would be unrealizable), so t;, < g(u) <= s, < ufor some s, and (zy, ;) p<p
are pseudo-shattered by F; hence n < d. O

Definition 808. The affineclasson E is A := {z — (w,z) —b: (w,b) € E x R}.

Definition 809. The tanh ridge class on E is ® := {z > tanh({(w,x) — b) : (w,b) € E x R}.
Theorem 810. Pdim(A) < dim E + 1.

Proof. O
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Theorem 811. The pseudo-dimension of the class ® = {x + tanh({(w,x) — b) : (w,b) € E x R} of
tanh ridge functions on a d-dimensional inner product space F is at most d + 1.

Proof. Since |tanh| < 1, for ¢ < —1 the level set {u : ¢t < tanhu} is R and for ¢ > 1 it is empty; for
|t| < 1itis {w : artanht¢ < u} by strict monotonicity of tanh. Lemma 807 reduces to the affine class,
Lemma 810. O

Theorem 812. Let F be a class with |F;(S,)| < 1 on the sample S, ..., Sy and Pdim(F) < d. For
every e > 0 the L,(Py) covering number of F' on the sample satisfies N' (¢, F, Lo(Py)) < (N([2/e] +

1)+ 1)d; in particular N'(e, F, Ly(Py)) < (4N /e)? for0 < e <1, N > 1.

Proof. Round the values to the grid —1+je,0 < j < M := |2/¢]. Two functions with the same level
sets A, = {(k,j) : =1+ je < F,(S,,)} differ by less than ¢ in every coordinate, so one representative
per realized level set is an e-cover. A set of pairs (%, j) shattered by { 4, } is a family of points (.S}, —1+
je) pseudo-shattered by F', so the VC dimension of {4, } is at most d, and the Sauer-Shelah—-Perles
lemma gives [{A;}] <>, _ (YMY) < (N(M +1) + 1) O

Theorem 813. Let I, G be classes with |F;(S),)|, |G ;(Sy)| < 1onthesample. Then N (e, F-G, Ly(Py))
N(e/2,F, Ly(Py)) N(e/2,G, Ly(Py)), where ' - G = {F,G,}.

IN

Proof. |F,G;—FyGy| <|F;—Fy||G,|+|Fy||G; —Gy| < |F; — Fy|+|G; — G| pointwise, hence
1F,G; — FuGyli,ipy < I1E — Foll,ipy) + 1G5 — Gyl py)> and the products of the centers of
e/2-covers form an e-cover. O

Theorem 814. Let F be a class with |F;(S,)| < 1 on the sample and suppose N (z, F', Ly(Py)) <
(AJz)d for0 < x < 1/2, withd > 1, A > 0. Then forevery 0 < o < 1/2, Ry(F) < 4a +
\/% \/dlog(2A/«) (absolute convention).

Proof. Dudley’s entropy integral in FoML’s form, Ry, (F) < 4a+\}—2ﬁ f;/z V9eg N (z, FU—F, Ly(Py))dx,
with N(z, F U —F) < 2N(x, F) < 2(A/a)? < (2A/a)" on[a,1/2] and [* dz < 1/2. O

Theorem 815. Let F be a class with |F;(S,,)| < 1onthesample Sy, ..., Sy (N > 1) and Pdim(F') <
d,d > 1. Then Ry (F) < 18y/dlog(N +1)/N.

Proof. The covering bound NV (x, F', Ly(Py)) < (4N /x)?% of Lemma 812 and Lemma 814 with o =
1/(4V/N): 8N/a = 32NVN < (N +1)7, 50 Ry(F) < (1 + 6/7dlog(N +1))/v/'N, and 1
1.25,/dlog(N + 1), 64/7 < 15.9. O

Theorem 816. Let !, G beclasseswith |F;(Sy,)|, |G;(S)| < 1onthesample(N > 1)and Pdim(F), Pdim(G) <
d,d > 1. Then Ry (F - G) < 26+/dlog(N + 1)/N.

IN

Proof. Lemma 813 and Lemma 812 give N (x, F - G, Ly(Py)) < (8N /x)?¢; Lemma 814 with o =
1/(4V/N) and 16N /a = 64NV N < (N +1)8 gives Ry (F - G) < (1 + 64/16dlog(N +1))/VN =
(1+24,/dlog(N +1))/VN. O

<

Theorem 817. Let F be a class with |F;(S,,)| < 1 on the sample and suppose N (z, F', Ly(Py))
(A/z)e for0 < x < 1/2, withd > 1 and 2A > 1. Then forevery 0 < a < 1/2, Ry (F) < da +

\}T%\/EG log(24) + \/5) (absolute convention).
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Proof. AsinLemma 814, butthe integrand is bounded pointwise: log V' (z, FU—F) < dlog(24/z) =

d(log2A+log(1/x)), v/log(1/xz) < y/1/x (fromlogy < y—1),and f;/z 12 dz =2,/1/2—2/a <
V2. O

Theorem 818. Let I' bea classwith |F;(S),)| < 1onthesample(N > 1)and suppose N (z, F', Ly(Py))
(A/z)d for0 < x < 1/2, withd > 1 and 2A > 1. Then Ry (F) < (1 + 64/log(2A4) + 12v/2)+/d/N.

Proof. Lemma 817 with o = 1/(4\/N) and vd > 1. O

IA

Definition 819. A finite subset ¢ of a pseudometric space is e-separated if d(a, b) > ¢ for all distinct
a,bet.

Theorem 820. Let A be a totally bounded subset of a pseudometric space and ¢ > 0. If every e-
separated finite subset of A has at most B elements, then N (¢, A) < B.

Proof. Take an e-separated subset t C A of maximal cardinality n, < B. Ifsome g € Ahad d(q,y) >
eforally € ¢, then t U {¢q} would be e-separated with n, + 1 elements. Hence A C L_Jy€ . B(y,e) and

N(e, A) < |t| < B. O

Theorem 821. Let « be a nonempty finite set, P a finite index set and B, C a with |B | < (1 —p)|a]
forq € P.If|P|(1 —p)" < 1, thereis K : [n] — a such that for every q € P some K lies outside B,,.

Proof. Double counting: } . [{g € P: K([n]) C B }| = qup |B,[" < [P|(1—p)*a|™ <|af, so
some K has no such q. 0

Theorem 822. Let [f(Sy)], |g(Sk)| < 1forallkand|f —glp,p,) =& N > 1. Then [{k : [f(S}) —
9(Spl <e/2} < (1—€?/8)N.

Proof. €2N < 37, (f(Sy) — 9(Sp)? < 4|{k: |f — gl > e/2} + S |{k : | — g| < £/2}], so the good
coordinates number at least s=c2N > ¢2N /8. O

Theorem 823. For1 <d <mn, Y, _,(}) < (en/d)"
Proof. O

Theorem 824. Let F be a classwith |F;(S),)| < 1onthesample Sy, ..., Sy and Pdim(F) < d,d > 1,
and let 0 < ¢ < 1. Every e-separated finite subset of F in Ly(Py) has at most (8/¢)%? elements.

Proof. Let t be e-separated with m = |t| > 1 (for N = 0 all distances vanish and m < 1). Put
p = e2/8, n = [2logm/p| +d + 1, M = |4/¢|. By Lemma 822 each pair of distinct elements
of ¢ is £/2-apart on all but at most (1 — p)N coordinates, and m?(1 — p)» < e2lem—rn < 1 5o
Lemma 821 gives K: [n] — [N] with every pair £/2-apart at some Sy . Two such functions have
distinct level sets on the grid —1 + je/2, 0 < j < M, over the n points Sy ; the level-set family has

VC dimension atmostd,som < Y-, _, ("MF) < (en(M +1)/d)? (Lemma 823). Withr = m!/(29),
logm = 2dlogr < 2dr,hencen < 34dr/e%, M +1 < 5/cand m < (170e/e3)4r? = (170e/3)%\/m;
thus m < (170¢/23)24 < (8/2)54, O
Theorem 825. Let I be a class with |F;(S,)| < 1onthesample S, ..., Sy and Pdim(F') < d,d > 1.

Then forevery 0 < ¢ < 1, N (e, F, Lo(Py)) < (8/£)%, with no dependence on N or on the sample
(Haussler’s bound; the sharp form is e(d + 1)(2e/e)% in L,(Py)).

Proof. Lemma 820 reduces the covering number to the size of an e-separated set, bounded by Lemma 824.
O
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Chapter 13

Material for Mathlib

General lemmas used by the formalization that belong upstream (ToMath1ib/): the Donsker-Varadhan
inequality for the Kullback-Leibler divergence, moments of the real Gaussian, the completion of the
square behind the Gibbs decomposition, the total variation distance with Pinsker’s inequality, and
the standard facts about log-Sobolev inequalities (ToMathlib/LogSobolev/): the entropy functional
and its variational formulas, the Holley-Stroock perturbation, the transport by proper C'! maps, the
tensorization on a Euclidean product, and the KL form (L1) by cut-off approximation.

Theorem 826. Let p << u be probability measures with log Z—ﬁ € LY(p), and let g € L'(p) with
e9 € L' (). Then [ gdp < flogg—z dp +log [ €9 dyp.

Proof. Step 1: the tilted measure ‘p.tilted g* is a probability measure and ‘p < p.tilted g‘.
Step 2: Gibbs” inequality ‘0 < [ lIr p (u.tilted g) dp‘ for the two probability measures.

Step 3: ‘[ llr p (w.tilted g) dp = [llrppdp- [ gdp + log [ ergdu‘. O

Theorem 827. Let p, u be probability measures with KL(p|p) < oo, and let g € L' (p) with [ €9 dp <
oc. Then [ gdp < KL(p|p) + log [ €9 dp.

Proof. Step 1: finiteness of the divergence gives ‘p <« p‘ and integrability of ‘lr p .
Step 2: ‘KL(p | w) = [ llr p u dp* for probability measures, and apply the llr version. O

Theorem 828. Let p, u be probability measures with KL(p||p) < oo, and let g > 0 be measurable with
J €9 du < oo (Lebesgue integral). Then [ gdp < KL(p|p) +log [ €9 du, where the left-hand side is the
Bochner integral (equal to 0 if g ¢ L'(p)).

Proof. Step 1: ‘e”g € L1(n)", since ‘e”g‘ is measurable with finite Lebesgue integral.
Step 2: the Bochner integral of ‘e”g‘ is the Lebesgue integral.
Step 3: if ‘g € L1(p)‘, apply the Donsker-Varadhan inequality.
Step 4: otherwise the left-hand side is ‘0%, and “ [ e*gdu > [ 1du =1°gives log [ergdu>0". O

Theorem 829. Let p, i be probability measures with KL(p|u) < oo, and let g be measurable with
lg| < C. Then [ gdp < KL(p|u) +log [ 9 dp.

Proof. Step 1: ‘g € L1(p)‘ and ‘e”g € L1(n)* (bounded by ‘C* and ‘e C"). O

Theorem 830. Let p, i1 be probability measures with KL(p||p) < oo and let g > 0 be measurable with
Je?dp < oo. Then [ gdp < KL(p|p) + log [ 9 du in [0, oo, where the left-hand side is the Lebesgue
integral of g; in particular g € L' (p). The proof applies the bounded Donsker-Varadhan inequality to
g A nand lets n — oo by monotone convergence.

100



Proof. Step 1: the truncations ‘g, = min g n‘ are bounded by ‘n‘, so the bounded Donsker-Varadhan
inequality gives ‘[ g,, dp <KL + log [ e”g, du <KL + log [ e’gdu".

Step 2: ‘| | n, min (g x) n = g X, so by monotone convergence ‘[~ gdp=||n, [~g,dpo=|]n,
ofReal ([ g,, dp)". O

Theorem 831. Let p, i be probability measures with KL(p||pn) < oo and let g > 0 be measurable with
Jeddu < co. Then g € L' (p).

Proof. O
Theorem 832. Forv > 0and 2sv < 1, z - €% is integrable with respect to N (0, v).

Proof. Case ‘v =0 ‘N(0,0)"is the Dirac mass at ‘0".
Case ‘v # 0% unfold the density and complete the square in the exponent. O

Theorem 833. Forv > 0and 2sv < 1, [ e¥*” N(0,v)(dz) = (1 — 2sv)~ /2,

Proof. Case ‘v =0° both sides are ‘1°.
Case ‘v # 0" unfold the density, complete the square, and use ‘integral_gaussian‘. O

Theorem 834. Forv > 0, [ |z| N(0,v)(dz) = \/2v/m.

Proof. Step 1: ‘|x| = max x 0 + max (-x) 0°, both parts integrable.

Step 2: by symmetry X — -x‘ of ‘N (0, v)‘, both parts have the same integral * (v / (2m))° (‘inte-

\/
gral_max_zero_gaussianReal®).

Step 3: 2 \/(v /(2n)) = \/(2 v/ ). O

Theorem 835. Forp € Randv > 0, [ |z| N(p,v)(dx) < |u| + /2v/m.

Proof. Step 1: the centered absolute moment ‘[ [x - | N (u, v)(dx) = [ |y] N (0, v)(dy)".
Step 2: ‘|x| < |u| + |x - u|° and integrate. O

Theorem 836. For u € Rand v > 0, [ 22 N (p,v)(dz) = p? + v.
Proof. “Var = [ x2- ([ x)* with ‘Var =v‘and ‘[ x = u". O
Theorem 837. For A\ >0, 5> 0ands € R, [, e~(astra®/2)/B go — | [oxB/Xes’/(2AB),

Proof. Step 1: complete the square and pull out the constant.
Step 2: translation invariance of Lebesgue measure and ‘integral gaussian’. O

Theorem 838. For A > 0, 3 > Oand s € R, as measuresonR, e~ (@s+X0*/2/6 qq — 273 /X e5*/2X0) N (—s /X, B/N)(da).

Proof. Step 1: the variance ‘B/A" is positive, so “N(-s/A, B/1)" has the Gaussian density.
Step 2: compare the densities pointwise. O

Theorem 839. For\, 3 > Oandc € R, asmeasuresonR, e~*/# N (0, 3/\)(da) = e/ N (—¢/, B/))(da).
Proof. Step 1: the product of the densities is ‘( (2mf3/A))~1 er—(a c + A a2/2)/B".

Step 2: ‘lem:gaussian-complete-square‘ and the cancellation of the constants. O

Theorem 840. Forv > Oandm,m’ € R, asmeasuresonR, N (m,v)(da) = exp ( a(m=m’)—(m?—m"2)/2 ) N(m',v)(da).

v

Proof. O
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Definition 841. The total variation distance of two (finite) measures y, v is | p—v |y := sup , [(A)—
v(A)|, the supremum over measurable sets A.

Theorem 842. Let 11, v befinite measures and g a measurable functionwith |g| < C. Then | [ gdp — [ gdv| <
20 | = Vllyy-

Proof. Step 1: the Hahn decomposition ‘P* of ‘u - v°.

Step2: ‘[ gdu- [gdv=[gd(u-v)|_P- [ gd®-w)|_P.
Step 3: each of the two integrals is bounded by ‘C | - v|_TV". O

Theorem 843. For finite measures u, v and a measurable map g, ||g.1t — g.V|rv < i — V|1, Since
9.1(A) = g.v(A) = u(g™'A) —v(g" A).
Proof. O

Definition 844. For a finite signed measure p on Z, |p|ry := 3|p|(Z), where |u| = p' + p~ is the
total variation measure. For 1 = p — p” with p, p’ probability measures this is sup , [p(A4) — p"(A)|.

Theorem 845. If i(A) — u(A°) < 2C for every measurable A then ||y < C: ona Hahn set S of s,
ul(Z) = n(5¢) — u(S).
Proof. O

Theorem 846. For a finite measure j1 and ¢ € L'(u) measurable, the total variation of the signed
measure o 1 is [ || dp (its Jordan decomposition is (¢ p, ¢~ ).

Proof. O
Theorem 847. Withw; = dv;/ d(v;+v,), [ |wy—w,| d(v;+vy) < 2|1 vy (pliton {w; > wy}).

Proof. Step 1: [ |wy — wy| = [_A (W) — W) + [_A° (W, — wp)".
Step 2: each piece is a difference of masses, bounded by the total variation distance. O

Theorem 848. Forp € [0,1] and g € (0,1), plog £ + (1 — p) log }%Z >2(p—q)2

Proof. Step 1: the difference ‘h p° of the two sides, in a form continuous on [0, 1]°.

Step 2: ‘h‘is continuous on ‘[0, 1]°, differentiable on ‘(0, 1) with derivative ‘h’(p) = log p - log q -
log (1-p)+1log(1-q)-4(p-q), which is monotone on (0, 1)* and vanishes at ‘q".

Step 3: ‘h‘ is antitone on ‘[0, q]° and monotone on ‘[q, 1]°, hence ‘h p > h q=0". O

Theorem 849. Let p, i be probability measures with KL(p|p) < oo. Then for every measurable set A,

p(A) = w(A)] < VKL(p||p) /2.

Proof. Step 1: ‘p < ', ‘Ilr p u* is ‘p*-integrable and KL(p | u) = [ kIFun (dp/du) du".

Step 2: Jensen’s inequality on ‘A’ and on ‘A“‘ (data processing along the indicator of ‘A®): * [ kIFun
(dp/dw) d > g klFun (p/q) + (1 - q) kIFun ((1 - p)/(1 - q))".

Step 3: the edge cases ‘q = 0° (then ‘p = 0°) and ‘q = 1° (then ‘p = 1) are trivial; otherwise the
binary Pinsker inequality applies. O

Theorem 850. Let p, u be probability measures with KL(p|u) < oc. Then |p— |y < /KL(p|u)/2.
Proof. O

Theorem 851. Let p, i be probability measures with KL(p| 1) < oo and g a measurable function with

lg| < C. Then | [ gdp — [ gdpu| < 2C/KL(p||p)/2.
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Proof.

Theorem 852.  For probability measures p, p’ with KL(p|p’) and KL(p'|p) finite, |p — p'||% <
3 min{KL(p[p"), KL(p'[|p)}, hence 2] p — p'|lry < /KL(pllp') + KL(p'[p).

Proof. O

Definition 853. For a finite signed measure v = v* — v~ (Jordan decomposition) and f integrable
fory| =~ +97, [fdy:=[fdy" = [ fdy.

Definition 854. The total mass of a finite signed measure is || 5, := [7|(Z) = 77(Z) + v (2); it
equals 2|vy| 7y for the convention || 7y = sup , |7(A)| when (Z) = 0.

Theorem 855. Ify = p; — p, With uy, 1, finite measures and f is integrable for v, and ., then
ffd’Y:ffdﬂlfffdﬂz-

Proof. Step 1: ‘y* + u, =y~ + " as (finite) measures.
Step 2: integrate ‘f* against both sides and rearrange. O

Theorem 856. For h € L'(v) and g measurable with gh € L*(v), [ g d(hv) = [ gh dv.
Proof. O

Theorem 857. On a metrizable space, two finite signed measures with the same integrals f gdy =
[ g dy’ forevery g € C, are equal.

Proof. Step 1: the finite measures Y+ + y'~* and ‘y’* + y~‘ have the same integrals of bounded con-
tinuous functions, hence are equal.
Step 2: evaluate on a measurable set. O

Theorem 858. Let p, i be probability measures with KL(p|u) < oo, let A be measurable and t > 0.
Then t p(A) < KL(p|lp) + log(1 + (¢! — 1)u(A)). (Donsker-Varadhan with g = t1,, for which
Jeddp =1+ (et —1)u(A).) Witht = log(1 + 1/u(A)) this is p(A) < [KL(p||n) + log2]/log(1 +
1/p(A)).

Proof. Step 1: the bounded Donsker-Varadhan inequality for ‘g =t 1_A", ‘|g| < t".
Step2: ‘[ gdp=tp(A) and ‘e’"g=1+ (et —1)1_A"s0 ‘[ e’gdu=1+ (et — 1) u(A)" O

Theorem 859. Let 11 be a probability measure on a Hausdorff space such that {u} is tight (e.g. any
probability measure on a Polish space), and let C € R. Then the sublevel set {p € P : KL(p|u) < C}
is tight. Indeed, given ¢ > 0 lett := (max(C,0) + log2) /e and let K be compact with (K¢) < e *; by
Lemma 858, tp(K¢) < C +log(1 + (¢! —1)e™") < C +log2, 50 p(K¢) <e.

Proof. Step 1: the case ‘e = oo is trivial; otherwise ‘€’ = e.toReal > 0°.
Step 2: ‘t = (max C 0 + log 2)/¢’* and a compact ‘K* with ‘u(K¢) < er—t".
Step 3: for ‘p‘ in the sublevel set, ‘t p(K¢) < C + log 2, hence ‘p(K¢) < €.

Theorem 860. Let i be a probability measure on a Polish spaceand C € R. Then {p € P : KL(p| 1)
C'} is tight (Lemma 859, since {1} is tight on a Polish space).

IA

Proof. O

Definition 861. For measures p, uand g: o — R the Donsker-Varadhan functional is DV, ,(g) :=
Jgdp—log [ esdp.
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Theorem 862. For probability measures p, ju and bounded measurable g, DV, ,(9) < KL(p|u) in
[0, 0] (Lemma 829).

Proof. O

Theorem 863. For probability measures p, ;1 on a topological space with its Borel o-algebra and
ge Cb’ DVp,;L(g) < KL(p”/’[’)

Proof. O

Theorem 864. Let p < u be finite measures. Then (log g—Z)* is p-integrable: [ (log j—Z)* dp =
Jr(logr)” du < p(a) withr = j—z, sincer(logr)” <1—r <1on(0,1).

Proof. Step 1: ‘r (—log r)* < 1for ‘r > 0, from ‘log (1/r) < 1/r — 1%
Step 2: transfer to ‘u‘ through the density and bound the integrand by ‘1°. O

Theorem 865. Let p, 1 be probability measuresand K € [0, o] with DV, (g) < K forevery bounded

measurable g. Then KL(p|p) < K. Proof: ifp<Z<,u, the functions t1 4, with p(A) = 0 < p(A) give
DV = tp(A) — oc. Otherwise let r = dp/dyu and g,, ;== min(n,log max(r,e ")), so that |g,,| < n and
Jermdu < [(r4+e™)dp=1+e"; hence [ g,dp < K +1log(1 + e ™). Since min(n, (logr)™) <
g, + (logr)~ and (logr)~ € L'(p) (Lemma 864), monotone convergence gives (logr)™ € L'(p), so
KL(p||p) = [logrdp =lim [ g, dp < K by dominated convergence.

Proof. Step 0: the case ‘K = oo is trivial.

Step 1: ‘p « u'; otherwise a ‘u‘-null set ‘A° with ‘p(A) > 0° and the test functions ‘t 1_A", for which
‘DV =t p(A)’, show that ‘K = co".

Step 2: the truncations ‘g, = min n (log (max r e*—n))* of the log-likelihood ratio, with ‘|g,,| < n°
and ‘e"g, <1+ e"—n’,so that ‘[ erg, du <1+ e —n".

Step 3: the bound ‘[ g, dp <K + log (1 + e”—n)".

Step 4: ‘p*-a.e. ‘r > 0, and there ‘g, = min n (max (log r) (—n))‘ is the clamped log-likelihood
ratio: ‘|g,,| < |log 1|, ‘g, — logr‘, ‘min n (log r)* < g, + (logr)~".

Step 5: the negative part of ‘log r* is ‘p*-integrable, and the uniform bound of Step 3 gives, by
monotone convergence, that the positive part is ‘p‘-integrable too.

Step 6: ‘KL(p||w) = [logrdp =lim [ g, dp <K*by dominated convergence (with the bound ‘|log
r[*), since ‘[ g, dp <K + log (1 + e*—n) — K". O

Theorem 866. Let p, 1. be probability measures on a metrizable space with its Borel o-algebra, and
K € [0,00] with DV, ,(9) < K forevery g € C,. ThenDV, ,(g9) < K for every bounded measurable
g. Proof: given |g| < C and e > 0, choose g, € Cy, with [ |g— g,|d(p + p) < e (density of C,, in L*
of a finite measure on a metrizable space) and clamp it to g, := max(—C,min(C,g,)) € C,, which
still satisfies [ |g — go|d(p + p) < e. Then| [gdp— [g,dp| < cand| [e9du— [e% du| < e, so
DV(g) < DV(gy) + ¢ +log( [ eddp + e“c) —log [ 9 du, and the error tends to 0 as e — 0.

Proof. Step 0: the case ‘K = oo is trivial; otherwise it suffices to show ‘DV(g) < K + &° for every 4 >
0.

Step 1: choose ‘e > 0° with ‘e + log (I + e"C¢) <logI + &, ‘I = [ ergdu".

Step 2: a bounded continuous ‘g;‘ with * [ |g — g;| d(p + p) < €', clamped to ‘[—C, C]‘ as ‘g,; then
[lg—gldp<eand‘[|g—g,du<c"
Step3: ‘[ g,dp> [gdp—c'and ‘[ erg, du <1+ e"Ce".
Step 4: combine with ‘DV(g,) < K". O
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Theorem 867. Let p, i be probability measures on a metrizable space with its Borel o-algebra and
K € [0,00] withDV,, ,(g) < K forevery g € C,. ThenKL(p|u) < K (Lemmas 866 and 865).

Proof. O

Theorem 868. Let p, 11 be probability measures on a metrizable space with its Borel o-algebra. Then
KL(p|un) = Sup ., [f gdp — log [ Y d,u] in [0, o] (the supremum of the nonnegative parts; the in-
equality > is the Donsker-Varadhan inequality, and < is Lemma 867).

Proof. O

Theorem 869. Let 11 be a probability measure on a metrizable space with its Borel o-algebra, and let
p; — pweakly (along a filter) in . Then KL(p|p) < liminf; KL(p;|u). Proof: for g € C}, DV, ,(g) =
lim; DV, (g9) < liminf; KL(p, 1) by the Donsker-Varadhan inequality and the weak convergence,
and the supremum over g is KL(p||u) by Lemma 868.

Proof. ‘DV_p,(g) — DV_p(g)' by weak convergence, and ‘DV_p,(g) < KL(p; )" O

Theorem 870. Let (1, be o-finite measures and f; > 0 be yu;-integrable. Then @, (f;u;) = (I, fi(x;)) &, -
(Both sides agree on measurable boxes by Fubini.)

Proof. O

Theorem 871. For a o-finite i and a permutation o of the finite index set, the image of u®* under
O+ 0ocisu®.

Proof. O

Theorem 872. If T is measurable with T,.v = v and D o T = D for a measurable D > 0, then
T.(Dv) = Dv.

Proof. O

Theorem 873. Fora o-finite p, measurableY andt € R, [ et2:Y(@) p®(dzx) = ([ €'Y dp) a (Fubini;
no integrability is needed, both sides being 0 when the right-hand factor is not integrable).

Proof. O

Theorem 874. Forallz € R, e* < 1+x+z2el®l. (For|z| < 1thisis the Taylor bound |¢® —1—z| < 2%;
forz >1,e* < 2% forx < —1,e* <1< 142+ 2%)

Proof. O

Theorem 875. Let p € P((2) and Y be measurable with E,)Y = 0and K := [, [V2eVl] < oo. Then
Jor|lu| <1, E,e"Y <1+ Ku? hencelogE e"¥ < Ku?. (Integrate e*¥ <1+ uY +u?Y2elYl)

Proof. ‘Y| <1+Y2<1+Y2eMY|,so‘Y e Li(p).
The pointwise bound ‘e*uY <1 + uY + u? Y2 eNY|* for ‘|u| < 1°. O

Theorem 876. For o-finite uu, v and a measurable isomorphism e, KL(e, ple,v) = KL(p|v).
Proof. O

Theorem 877. Let p be a finite measure on o x Q with ) standard Borel, v, finite and v, a probability
measure. Then KL(pM |v,) < KL(p|lv, ® v,), where p'V) is the first marginal. (Chain rule: KL(p|v, ®
vy) = KL(pW|v;) + KL(p|p"V) ® vy) with p = p'V) ®,,, & its disintegration.)
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Proof. O

Theorem 878. Under the hypotheses of Lemma 877 with the roles of the factors exchanged (« standard
Borel, v, a probability measure), KL(p'?||v,) < KL(p|v; @ vy).

Proof. O

Theorem 879. Let ) be standard Borel, v € P(Q) and € P(Q") with marginals Y. Then
Z?:l KL(p¥|v) < KL(p|v®"). (Induction on n with the chain rule and Lemmas 877, 878.)

Proof. O

Theorem 880. Let E be a real inner product space of dimension d and let n > d + 2. For all points
(2;,8;,) € EXR i = 1,...,n, there is a pattern T C [n] such that no (w,b) € E X R satisfies

$; < (w,z;) —b < i €T foralli. Inotherwords, the affine class {z — (w,z) — b} has pseudo-
dimension at most d + 1.

Proof. Then > d + 1vectors (z;,1) € E x R are linearly dependent: there is ¢ # O with ) . ¢z, =0
and ). c; = 0,hence ) | c;((w,z;) —b—s;) = —k with k := 3 ¢;s, forall (w, b). Replacing c by —c
we may assume « > 0. Since ¢ # 0 sums to zero, some c; is negative. If (w, b) realized the pattern
T = {i: ¢; > 0}, every term ¢, ({(w, z;) — b — s;) would be nonnegative and the term 4, positive, so
the sum would be positive, contradicting —« < 0. O

Theorem 881. Let E be a real inner product space of dimension d and let S C E have d + 2 points.
Thereis T C S such that for no (w,c) € E x Ronehas {v € S : (w,v) + ¢ > 0} = T. Hence the VC
dimension of the class of affine halfspaces of E is at most d + 1.

Proof. Enumerate S = {z,,...,24,,}. A halfspace pattern (w,z;) + ¢ > 0 <= i € T isthe
complementary affine pattern 0 < (—w,z;) — ¢ <= ¢ ¢ T, so shattering .S by halfspaces would
pseudo-shatter the points (x;, 0) by the affine class, contradicting Lemma 880. O

Definition 882. For a measure p and f > 0 with f, flog f € L'(u),

Ent, (/) = [ Flog fdu— ( [ £a)tog( [ san)

(with 0log 0 = 0).

Theorem 883. 1 satisfies LSI(«) if and only if Ent,(¢*) < 2 [|Vg|*dp forall g € C.

Proof. O
Theorem 884. Foru > 0andv € R, uv < ulogu —u + €.

Proof. O
Theorem 885. Foru > 0andt > 0, ulogu —ulogt —u+1¢ > 0.

Proof. O
Theorem 886. For(0 < u <, |[ulogu| <1+ |vlogu|.

Proof. O

Theorem 887. For f > 0andeveryt >0, Ent,(f) < [ flog fdu— ([ fdu)logt — [ fdu+t; for
a probability measure this is Ent,,(f) < [(flog % — f+t)du, with equality fort = [ fdpu.
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Proof. O

Theorem 888. For a probability measure i, f > 0and hwith f, flog f, fh, e" € L' (p), [ fhdu <
Ent, (f) + ([ fdp)([e"du—1).

Proof. Step 1:if ‘[ fdu = 0° then f = 0° a.e. and both sides vanish.
Step 2: Young’s inequality with ‘v =h + log | f du’, integrated. O

Theorem 889. For a probability measure jiand f > O with f, flog f € L'(u), Ent,(f) > 0.
Proof.

Theorem 890. Let 11, v be probability measures with dv = hdu, 0 < h < K. Then Ent,(f) <
K Ent,,(f) forevery f > Owith f, flog f € L'(u) N L' (v).

Proof. Witht = [ fdp > 0and ¢,(u) = ulogu — ulogt —u+t > 0, Ent,(f) < [¢,(f)dv =

Jho(f)du < K [¢,(f)du = K Bnt,(f). If [ fdu = 0 both entropies vanish. O
Theorem 891. Let dv = hdpwith0 < ¢ < h < K. Then [v¢du < ¢! [+ dv for every integrable
P > 0.

Proof. O

Theorem 892. (F3, Holley-Stroock.) If i satisfies LSI(«), v is measurable with m < ¢ < M and
v = Z e ¥y, then v satisfies LSI(cve™ (M=),
Proof. The density h = e~/ Z of v satisfies e /Z < h < e™™/Z. By Lemma 890, Ent, (¢%) <

— Ent, (¢%) < <2 [|Vg[*dy, and by Lemma 891, [ [Vg[*du < ZeM [|Vg|? dv; the normal-
ization cancels and the constants multiply to e =", O

Theorem 893. If g and T are differentiable and |DT(x)| < L for all x, then |V (g o T)(z)| <
LIVg(T(x))|.

Proof. O

Theorem 894. (F4, transport.) If y satisfies LSI(«) and T is a proper C* map with |DT| < L, then
Ty v satisfies LSI(cv/ L?).

Proof. Forg € C; onthetarget, goT € C; and |V(goT)| < L|Vg|oT (Lemma 893),so Enty, (%) =
Ent, (g0 7)) < 2 [ V(9o T)du < 28 [ |Vg| dTyp. =

Theorem 895. (F4, transport.) If u satisfies LSI(«) and T is a proper C'* map which is Lipschitz with
constant L, then T, ju satisfies LSI(a/L?).

Proof. O

Theorem 896. For probability measures i, v and a bounded measurable f > 0on X x Y,

Ent, g, (f) < / Ent, (f(~y)) du(y) + / Ent, (f(z, ) du(z).

Proof. With F(y) = [ f(z,y)du(x)anda = [ f du®v, FubinigivesEnt g, (f) = [Ent,(f(-,y)) dv(y)+
Ent, (F). For M > 0let h = logmax{F/a,e M}, so that [e"dv < 1 + ¢ ™ and Ent, (F) <
hdv = [[ f(z,y)h(y) dv(y)du(z). By the variational inequality [ f(z,-)hdv < Ent,(f(z,-)) +
e™ [ f(x,-) dv (Lemma 888), hence Ent,,(F) < [Ent,(f(z,-))du(z) +aeM;let M — co. O
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Theorem 897. Fora differentiable g on the Euclidean product Ey x E,, [Vg(x,y)|? = |V,9(-,y)(z)|*+

Proof. O

Theorem 898. (F2, tensorization.) If 11, satisfies LSI(ay ) on E; and p, satisfies LSI(as,) on E,, then
1y ® pigy satisfies LSI(min{ oy, oy }) on the Euclidean product E; X E,.

Proof. For g € C}(E; x E,), Lemma 896 with f = g2, the LSI of 11, and y, applied to the slices g(-, y),
g(z,-), Fubiniand Lemma 897 give Ent,, o, (9°) < % / |ng\2+a% JIV,9? < m [1Vg]?dp,®
Ha- 0

Theorem 899. (F2, tensorization.) If u, satisfies LSI(«;) and . satisfies LSI(ay,), then 1y ® pqy
satisfies LSI(min{a,,ay}) on © = R x Z.

Proof. O

Definition 900. For R > 0 let xz(z) := ¢(2 — |z|>/R?), where ¢ € C*°(R) is nondecreasing with
¢ = 0on (—oo,0] and ¢ = 1on [1,00). Then0 < xp < 1, xg = lon {|z] < R}, xzg = 0on
{|z| > V2R} and |[Vx | < C/R with C = 4sup |¢’|.

Theorem 901. There is C > 0 such that |Vxg(z)| < C/R forall R > 0 and z.

Proof. Vxp(z) = —¢'(2 — |z|>/R?) 22/ R? vanishes for |z| > 2R (where the argument of ¢’ is
negative) and is bounded by sup |¢’| - 4R/ R? otherwise. O

Theorem 902. Let i satisfy LSI(«) on afinite-dimensional space, and let p = p M be a probability mea-
sure with p > 0 of class C*, Vlogp € L*(p) and KL(p[p) < oo. Then KL(p|n) < 5= [ |V Iogp|? dp.

Proof. Apply the LSI to g, = x,,/p With the cutoffs x,, = x,,,; of Definition 900. By dominated
convergence (Julogu| < 1+ |plogp| for 0 < u < p, and plogp € L'(u) since KL(p|u) < o0),
Ent,(g7) — [plogpdu = KL(p|p). Since Vg, = anf+ VP VX, and [Vx,| < C/(n +1)
(Lemma 901), |Vg,|* < |[V/p]*+ n+1(p+\Vf| )+ n+1 2p,whose1ntegraltendstof\V\f|2 dp =
1 J|Viogp|*dp. m

Theorem 903. (L1.) If u satisfies LSI(«) on a finite-dimensional space and p < pu is a probability
measure with a smooth density and KL(p||p) < oo, then KL(p|p) < o=1(p|p).

= 2«

Proof. Lemma 902 applied to the density defining I(p|u). O

Theorem 904. Let p, p’, v be probability measures with KL(p||u) < oo and KL(p||u) < oo, and lete €
[0,1]. Then KL((1— 6)p—|—€p ) < (1—e)KL(p|lp)+e KL(p'||pt) < 0. (Proof: ‘2’;5 = (1—5)3—}’14—5%
and KL(p|p) = [ ¢(4 @) duwith ¢(z) = xlogz + 1 — x convex.)

Proof. Step 1: the density of the mixture is the mixture of the densities.
Step 2: pointwise convexity of ‘kIFun‘.
Step 3: integrability of both sides.
Step 4: integrate. O

Theorem 905. For v = wy, withw > 0, KL(v|vy) = [(wlogw + 1 —w)dyy, < [(w—1)*dy, =
2(v|vy), sincelogw < w — 1.

Proof. O
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Theorem 906. Forv > 0andt > 0, N'(0,v)({|z]| > t}) = 2®(t//v) < e **/2). (Forz >t > 0,

22 > 2 + (x — )% 50 ¢, (x) < e ¥/ (x —t); integrate over x > t and use N (0,v)(0,00) < 1)

Proof. O
o0 — —t2/(2v) _

Theorem 907. Forv >0andt >0, [~ x N (0,v)(dz) = \/v/(27)e 129 = 4 ¢, (t).

Proof. O

Theorem 908. Letv > 0, |m| < my < T and X ~ N(m,v). Then E[|X|1x5ry] < (mo +
V20/m)emT=m0)*/20) (Write X = m + W with W ~ N (0,v): | X| > T forces |W| > t := T —mj
and | X| < mq + |W|, so the left side is at most moP(|W| > t) + E[|W |1y |~y ), and Lemmas 906
and 907 bound the two terms.)

Proof. O
Theorem 909. Let K > 0and ®: [0,00) — Rwith ®(¢) (1 + K(t —s)) < ®(s) forall0 < s < t.
Then ®(t) < e Kt®(0) for all t > 0. (Iterating on the partition kt /n gives ®(t)(1 + Kt/n)" < ®(0);
letn — o00.)
Proof. Step 1: iterate on the partition ‘k t / n": ‘®(k t/n) (1 + K t/n)*k < ®(0)".

Step2: ‘@t<®0/(1+Kt/n)'nforevery n>1°"

Step 3: let ‘n — oo, using ‘(1 + x/n)*n — e”x". O

Theorem 910. For p? + ¢ = land everyx € R, [ He,(px + cz)y(dz) = p"He, (z): the Hermite
polynomials are the eigenfunctions of the Ornstein-Uhlenbeck semigroup. (Two-step induction with the
recursion He,, ., = XHe,  , — (n + 1)He,, and Gaussian integration by parts.)

Proof. O

Definition 911. For p € [—1, 1], the law of (X, pX + /1 — p?Z) with X, Z independent standard
Gaussians: the standard Gaussian pair with correlation p.

Theorem 912. Both marginals of the correlated standard Gaussian pair are ~.
Proof. O

Theorem913. For|p| < 1andstandard Gaussians (X,Y') with correlation p, E[He,,(X)He, (V)] =
p"nlé,,.. (Proof: E[He, (px + /1 — p?Z)] = p™He,,(z) by the three-term recursion and Gaussian
integration by parts, then orthogonality.)

Proof. O

Theorem 914. If g € L*(y) and [ gHe, dy = 0 foralln > 0, then g = 0 y-a.e.: the Hermite
polynomials are complete in L?(~y). (Every monomial is a combination of Hermite polynomials, so all
moments of g vanish; by dominated convergence its Fourier transform vanishes, and the positive and
negative parts of gy have the same characteristic function, hence coincide.)

Proof. O

Definition 915. a,(f) := \/% [ f He,, dv, the coefficient of f € L?(v) on the normalized Hermite
polynomial He,, /v/n!.

Definition 916. The normalized Hermite polynomials He,,/ Vn!, n > 0, form an orthonormal
basis of L?(v) (orthogonality and completeness).
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Theorem 917. For f € L?(v), ”f”QLz(«,) =3 -0 a,,(f)?, the series converging.
Proof. O

Theorem918. For F',G € L*(y)and|p| < LE[F(X)G(Y)] =3 _ (He,/Vnl,F)(He,/Vn!,G)p".
(Expand F and G in the Hermite basis, use E[He,,(X)He,, (Y)] = p™n!4,,, and the continuity of
(F,G) = E[F(X)G(Y)] on L*(y) x L*(7).)

Proof. O

Theorem 919. For f,g € L*(v), |p| < 1 and standard Gaussians (X,Y’) with correlation p,
E[f(X)g(Y)] = >_,- o @n(f) a,(g) p", the series converging (absolutely, by Parseval and |p| < 1).

Proof. O
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